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ABSTRACT

Let p > g and let G = Sp(p,¢). Let P = LN be the maximal parabolic
subgroup of G with Levi subgroup L = GL4(H) x Sp{p - ¢). Fors € C
and u a highest weight of Sp(p — ¢), let 7, be the representation of P
such that its restriction to N is trivial and 7s,,|z, = det § B ‘r;‘_q, where
detq is the determinant character of GLg(H) and 'r:_ o is the irreducible
representation of Sp(p — ¢) with highest weight u. Let I 4(s, 1) be the
Harish-Chandra module of the induced representation Ind% 75 . In this
paper, we shall determine the module structure and unitarity of I 4(s, i)

1. Introduction

1.1. Let p > ¢ and let G = Sp(p,q). Let P = LN be the maximal parabolic
subgroup of G with Levi subgroup L = GL,(H) x Sp(p — ¢). For 4 € GL4(H),
let dety(A) be the usual determinant of A realized as an element of GL24(C) (see
pages 18-19 of [C]). Note that det, A € Rt for all A € GLy(H). For n € Z*, let

AT() = {(Mye s M) €EZ™M A > X > -2 > A, >0}

denote the set of dominant weights of Sp(n). For each A € A*(n), 7, shall denote
the finite dimensional irreducible representation of Sp(n) with highest weight A.
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Now for s € C and u € At (p—gq), let (75 ,, U>*) be the representation of P such
that its restriction to N is trivial and

— Jots RE
sl = detg X7,

We form the normalized induced representation

1)

Ind;ﬂrsu
{f:G = U fis C™, f(gp) = (6(p™")) 2 u(p™ ") f(g),9 € G,p € P}

where § is the modular function of P given by 8(a) = (dety a)?***!, a € L, and on
which G acts by left translation. Let I, 4(s, ) be the Harish-Chandra module
of Ind§ , . In this paper, we shall (i) describe all the irreducible subquotients
of I, (s, 1), (ii) determine the module structure of I, 4(s, 1), and (iii) determine
the unitarity of I, 4(s, #) and all its irreducible subquotients.

Note that I, (s, ) is not multiplicity free when restricted to the maximal
compact subgroup K of G.

1.2. We shall briefly describe our methods and our main results. We first note
that the representation I, 4(s, 1) can be embedded into a representation of the
larger group G = Sp(p, p) whose module structure is well known ([J], [S] (Zh]).
More spec1ﬁcally, let P = LN be the maximal parabolic subgroup of G with its
Lev1~ subgroup L~ GL,(H). We form the normalized induced representation
Indg det, (cf. (1)), and let (o, I(s)) denote its Harish-Chandra module. We
shall embed I, (s, 1) into I,(s) in Proposition 2.5.1. Let I, (s, x)’ denote its
image in I,(s). Let
W1 g Wz _(; Ip(s)

be infinitesimal Sp(p, p)-submodules of I,(s) such that R := Wy /W, is an irre-
ducible subquotient of I,(s). Define

@) R’ i= (W2 0 Ly g(s, 1))/ (Wi 0 Iy g5, ).
Thus R’ can be identified with a subquotient of I, ,(s, 1).

THEOREM 1.2.1: Let R be an irreducible subquotient of I,(s) and p € A*(p—q).
Define R’ as in (2). If R’ is nonzero, then it is an irreducible subquotient of
I, 4(s, ). Moreover, all irreducible subquotients of I, 4(s, 1) are of this form.

Using this theorem, we completely determine the module structure of I, (s, p)
and the unitarity of all the irreducible subquotients of I, 4(s, #). The results are
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given in Theorems 3.3.1, 3.4.1 and 3.5.1. We also obtained the “long comple-
mentary series” in Corollary 3.5.2. In the case of the orthogonal group, this
phenomenon was first observed by J-S Li ([Li]). It has also been shown in [LTZ]
that representations in the long complementary series are the theta lifts of certain
lowest weight modules.

1.3. The composition factors of the principal series of Sp(p, 1) was determined
by [BK] using Vogan’s algorithm.

1.4. We will show in a future paper ([LL2]) that some of the subquotients we
obtained are the theta lifts (and more generally Howe quotients) of lowest weight
modules of O*(2m). Indeed this fact provided the initial evidence that Theorem
1.2.1 holds.

1.5. In an earlier paper ([LL1]), we have determined the structure and unitarity
of similar families of representations for the groups U{p, ¢) and Spiny(p,¢). In
establishing the results for these cases, we have used a very crucial fact that the
restriction of an irreducible representation of U(n) (resp. Spin(n)) to U(n — 1)
(resp. Spin(n — 1)) is multiplicity free. However, this does not hold for rep-
resentations of Sp(n). Thus we need substantially different and more involved
arguments for the Sp(p, q) case.

1.6. This paper is arranged as follows. In §2, we shall summarize the module
structure of I,(s) (cf. (3], [S], [Zh]) and embed I, 4(s, n) into I,(s). We state
our theorems on the module structure and unitarity of I, 4(s, p) in §3. In §4, we
review the results of Molev ([Mo]) on finite dimensional representations of Sp(n)
and prove several lemmas for later use. In §5, we use Molev’s result to construct
bases for I,,(s), Iy (s, p) and their subquotients. Finally, we prove Theorem 1.2.1
in §6 and §7.

Lemma 5.2.1 describes the explicit action of the Lie algebras on a basis of
the irreducible representation in Theorem 1.2.1. This will be useful for future
computations.

2. Restriction of the degenerate series of Sp(p, p)

2.1. Let G = Sp(p,p). In this section, we shall review the module structure
of the degenerate principal series representation I,(s) of € given in §1.2. By
restricting the action of G to Sp(p,q) % Sp(p ~ q), we show that we can embed
I, o(s, ) into Ip(s).
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2.2.  We note that G has a maximal compact subgroup K= Sp(p) x Sp(p) and
I,(s) has K-types

(3) Ls)= Y W

AeA*(p)
where for each A € A*(p), Vi =) R 7).

2.3.  1In order to state Theorem 2.4.1 below, we need to recall a definition. Let
H be a Lie group and let V' a Harish-Chandra module of H of finite length. A
module diagram G(V) of V ([A]) is a directed simple graph where the vertex set
of G is the set of all irreducible subquotients of V. There is a directed edge from
the vertex Rs to the vertex R; if and only if there are submodules Vo C V; CV
satisfying a non-split exact sequence

0= R, = Vi/Vo > Ry =G
2.4. Let g and € be the Lie algebras of G of K respectively, and let
g=tDp
be the corresponding Cartan decomposition. For each A € A*(p), let pry :

I,(s) = V) be the canonical projection, and let my: pc © Vi — I,(s) be the &
map given by the Lie algebra action

my(X®v)=X() (X epc, vel).

For A\, ) € A*(p), let T x = pry, omy. By Schur’s lemma, T )+ is unique up to
a nonzero scalar. If N # A+ ¢; for all 1 <7 < p, then T) » =0, and (see [J])

(i) Toate; #0ifand only if A; # —s—p+i— 3,

(i) Tapr—e; #0ifand only if \; #s—p+i— 3.

This immediately leads to the following theorem on the structure of I,(s).

THEOREM 2.4.1 ([J], [S] and {Zh]): Let s € C.

(a) I,(s) is reducible if and only if s € 3 + Z and |s| > 3, and it is unita-
rizable if and only if either Re(s) = 0 (unitary induction) or s € (—2,2)
(complementary series).

(b) Suppose s € 2+ Z and |s| > 2. Set I := max(—|s|+p+ 3,0). Then for
each | <t < p, I,(s) has an irreducible subquotient R.(s) whose K-types
are

4 R()=D AV B A2 s|—p+t—1/2> A}
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The module diagram of I,(s) is given by
Ri(s) ¢— Riq1(s) ¢— - +— Rp(s) if s < =3/2,

Ri(s) — Riti(s) — --- — Rp(s) if s > 3/2.

Ry(s) is unitarizable if and only if either (i) t = p or (ii) 3 < |s] < p+
andt = —|s|+p+ 3.

(NI

For a Harish-Chandra module V, we shall denote its dual module by V*. Then
Ry (s)* & R;(—s) as infinitesimal Sp(p, ¢)-modules.

2.5. Fix1 < g < p. Then Sp(p, q)xSp(p—¢q) C Sp(p, p). For each u € A*(p—q),
let I),(s),, denote the Ty, -isotypic component of I,(s).

ProrosITION 2.5.1:
(i) For any s € C and € A*(p — q),

Ip(s), = Lgls,)) B 7,_.
Hence

(5) Ip(s) = Ipg(s, ) R,
HEAT(p—q)

(ii) The summands I, 4(s,p) on the right hand side of (5) have distinct
infinitesimal characters.

Proof: The proof for (i) is similar to the cases of U(p, ¢) and Sping(p, ¢) ([LL1]).
For (ii), we note that I, ,(s, i) has infinitesimal character

1 3 1
(6) (s+q—§,s+q—5,....3—q+§,u1+p—q,u2+p—q—1,...,,up_q+1)

and this is uniquely determined up to the action of the Weyl group (£1)P*9%S,,.
Hence given p, ¢ and s, the infinitesimal character determines px. This proves the
proposition. |

2.6. Let p€ At (p—q) and let v, be a fixed vector in Th_ Let IP(S)W be the
image of I, ;(s, ) ® v, under the isomorphism given in Proposition 2.5.1. Then
we can identify I, ,(s, ) with the subspace I(s) in I,(s). Under the action of
Sp(p) x Sp(q),

(7) Ip,q(saﬂ) = Ip(s)‘v = Z 7';;\ X (T;;\)vu

i
AEAT (p.p)

Vu
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where

At(p, ) = {h € A (p): Ai > p1; > Aijag, V1< i<p-—g}
and
8) (T;\)“u = span{¢(v,) € T’j\|¢ € Homsp(p_q)(rz‘,‘_q, TI',\)}.

3. Module structure and unitarity

3.1. 1In this section, we shall assume Theorem 1.2.1 and we will apply it to
obtain the module structure and unitarity of I, ,(s, p).

3.2. Let p € A*(p—q) and let v, be a highest weight vector in 7)_,. By (7)
we identify I, 4(s, ¢) with the subspace I,(s), in I,(s). Let R be an irreducible
subquotient of I(s). Then by Theorem 2.4.1,ueither R = I,(s) or R = Ry(s) for
some t. Let R, be the T]’,‘_q—isotypic component in R and let R,, be the space
of Sp(p — ¢) highest weight vectors in R,. If W; € W are infinitesimal Sp(p, p)
submodules of I;,(s) such that R = W, /W, then

R o~ W2 N Ip(S)v“
Vy = T17 e~ T v
u Wl N Ip(s)vu

Thus R,, can be identified with a subquotient of I, 4(s, 1). In fact, by Theorem
1.2.1,if Ry, # 0, then it is an irreducible subquotient of Iy {5, ). Moreover, all
irreducible subquotients of I, 4(s, 1) are of this form.

3.3. MODULE DIAGRAM. The following theorem describes the module diagram
(see §2.3) of I, 4(s, p). Its proof will be given in §5.4.

THEOREM 3.3.1: If s+ € Z—{0,1}, p€ A*(p—¢), and
Lo=min{j: pjp1 < sl —1/2—-p+j}, lo=max{j: pjzq > |s| - 1/2-p+j}.
Then the module diagram of I, 4(s, 1) is given by

(Ri, (8))o, — (R 41(8))u, +— -+ ¢ (Ri,(8))w, if s < =3/2,
(R, (8))v, — (Ri;41(8))v, — -+ —> (R (8))o, if 5 2 3/2.

Thus the module diagram of I, ,(s, 1) is a spanning subgraph of I,(s).

3.4. The following theorem identifies those representations Ip 4(s, pt) which are
irreducible.
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THEOREM 3.4.1: Let s € C and pu € AF (p — q). Then I, ,(s, p) is irreducible if
and only if one of the following conditions holds:

(a) s+ 5 € C\Z.

(b) s=+1.

(c) p>2¢, s+31€Z,|s| >3 max(2q,—|s| +p+ 1) <j<pand

'u,j:I_l,j_l="':,Ufj—2q+1:Isl_l/Q_p+j'

In particular, if j > p — q, then pu; = 0, so that the above condition for
irreducibility is equivalent to p > 2q, ftj_oq41 =0 and |s|=p—j + %

Proof: By Theorem 2.4.1, if s satisfies either Condition (a) or (b), then Ip(s) is
irreducible. Thus in these cases, I, 4(s, ) is irreducible by Theorem 1.2.1. The
representations I, (s, pt) in part (¢) are exactly those representations in Theorem
3.3.1 with l; = I3, that is, their module diagrams consist of a single vertex. [ |

3.5. UNITARITY. Next we shall determine the unitarity of I, 4(s, ¢) and its
irreducible subquotients using the method of [LL1]. We shall omit the proof and
only outline the main ideas.

A subquotient of I, 4(s, ) is unitarizable if and only if it is isomorphic to its
Hermitian dual. By comparing the infinitesimal characters using (6), this occurs
only if s is real or purely imaginary. In the latter case Ip 4(s, u) is irreducible and
unitarily induced.

Next we assume that s is real and R is an irreducible subquotient of I,(s). One
can construct a sp(p, p)-invariant form (.,.) (which need not be positive definite)
on R and its signature on the K-type Vj can be calculated. Write R = R* ® R~
where R* (resp. R™) is the sum of K -types of positive (resp. negative) signature.
Since R is K-multiplicity free, it is easy to see that the restriction of {.,.) to Ry,
is a nontrivial nondegenerate sp(p, ¢)-invariant Hermitian form (.,.)’ on R,,.
Moreover, R, is irreducible, so (., .)! is the unique form up to a scalar multiple.
Hence R, is unitarizable if and only if it lies in Rt or R~. Checking the
last condition is a tedious but straightforward computation. The results are
summarized in the following theorem.

THEOREM 3.5.1: Let s € C and p € At (p).
(A) (Unitarity of I, o(s, i) Ipq(s, 1) is unitarizable if and only if one of the
following holds:
(a) (Unitary induction) Re(s) = 0.
(b) (Restriction of the complementary series of Sp(p, p)) s € (-3/2,3/2).
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(c)p>22q+1, po =0 forsomel <a <p-2q s €R, and |3] <

p—2¢q—a+ %
(B) (Unitary subquotients) Suppose that s + 3 € Z — {0,1}, so that I,(s) is
reducible.

(a) (Restriction of the unitarizable subquotients in I,(s))
(i) If pp—2q > Is| — 3, then (Rp(s))v, is unitarizable.
(ii) If2 <|s| <p+3,1=—|s|+p+1 and pi1 = 0, then (Ri(s))w,
is unitarizable.
(b) (New unitary subquotients) If p > 2¢ + 1, 2¢ < j < p, pj_2q >
Isl—p+Jj— 3 and pj_og41 =0, then (R;(s))s, is unitarizable.
(c) Parts (a) and (b) give all the unitarizable subquotients of I, 4(s, yt).

The following corollary, which is a consequence of Theorem 3.5.1(A)(c), gives
the “long complementary series.”

COROLLARY 3.5.2: Ifp > 2¢, s € Rand |s| < p—2¢+ %, then I 4(s,0) is
unitarizable.

4. A basis of representations of sp(p)

4.1. For any positive integer p, we shall write sp(p) for sp(p, C). In this section,
we shall review the results of Molev ([Mo]) on the structure of finite dimensional
irreducible representations of sp(p) and prove several lemmas for later use.

Molev enumerates the rows and columns of 2p x 2p complex matrices by the
indices —p, —p+1,...,-1,1,...,p. Let {E;;:i,j = —p,...,—1,1,...,p} be the
standard basis of gi(2p, C). Let

Fij = By = 0B~
where 8;; = sgni-sgnj. Then
sp(p) =span{F;;: 4, = —p,—p+1,..., -1, 1,...,p}.
For r < p, we shall identify sp(r) with the subalgebra of sp(p) spanned by
{Fy: 4,j = —r +1,...,~1,1,...,r — 1}. In this way, we obtain a chain of
subalgebras
sp(1) Csp(2) C--- Csp(p—1) C sp(p).

Let A = (A1,...,Ap) € AT(p) and let TQ denote the irreducible representation of
sp(p) with highest weight A. By restricting 'rpA to the above chain of subalgebras,

Molev constructs a basis for 7',,A which is analogous to the Gelfand—Zetlin bases
for finite dimensional irreducible representations for u(p} and so(p}.
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4.2. DEFINITION. Let A € AT(p). A pattern M = (mij,my;) of sp(p) associ-
ated with X is an array of integers of the form

7n’p1 mp2 .0 v Tn’pp
m’ m m!
pl p2 PP
mp—l,l Y “ e mp—l‘p—l
H i
Mp-1,1 Mp—1,p—1
my
!
my
where (mp1, Mp2, ..., Mpp) = (A1, A2,..., Ap) and the following inequalities hold:

! 7 1
MEy 2 Mgy 2 Mi2 2 Mgy 2 000 2 Mg = My > 0,
1 H i
Myy 2 M1 2 Myg 2 My—y2 > - 2 My 2 WMy >0,

fork=1,...,pandI=2,...,p.

Our definition differs from that given in page 595 of [Mo]. In his notation,
)\ij = —Mii—j541 and /\23« = —m;,i_j_H.
4.3. NOTATION. (i) For A € A*(p), define the pattern My = (m;;, m};) by

my; =mi; = Aj for 1 <j < i <p. Then (py, is a highest weight vector in 7.

(i) Let M = (my;, m};) be a pattern of sp(p). Let 1 < r < p and we define
d.(M) to be the pattern of sp(r) obtained from M by deleting its top 2p — 2r
rows. We also define

ri(M) = (mg1, ... mi), T(M) == (mig, ..., my,),
e (M) = mig, (M) =Y
j=1 j=1

PROPOSITION 4.3.1 ([Mo], Thm 1.1): 7.’ has a basis
B(X) = {¢m}
parameterized by all patterns M associated with X\ such that for 1 <k < p,

9) Fenlur = (Jep(M)| + |1 (M)] = 2|r} (M)},

k
(10) Fe 1l =Y Ari(M)Cpr—gy,
=1
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(11) Fopplm = ZBm )CM+s,,»
k-1
(12) Feor—kCu =Y Cril M)Crrss,_y
i=1
+Z Z Dkz]m CM =8i=0k=1,=04_y >
i=1 j,m=1

where Ay;(M), Bi(M), Cxi(M) and Dyijm(M) are nonzero numbers defined
in Eqgs. (13)—(16) below. The arrays M £ 51] and M + 0}; are obtained from M
by replacing m;; and m i by m;; £1 and m .+ 1, respectively. Moreover, if an
array N is not a pattern then we assume tbat (n=0.
Define l;j = —my; —i— 147 and lj; = —m] -—Z—1+] Ifr = (ry,...,7%) € ZF
and t € Z, then we define TI(r, t) := (—1)* H 1(rj+k+1-54t) and II i{r,t) =
—1)*TI5_; j2i(rj + k+1—j+1). Then

(13) Api(M) = (T (r} (M), )™,
(14) Bkz( ) i= 4 Ak (M) TI(re (M), L) (rk—1 (M), 1),
(15) Cri(M ) =2(- 1)klk 1, (re—1 (M), ;c—l,i)Hi(rk—l(M)v'_l;c—l,i)v
Dyijm(M) :=
— Api (M) A (M) Crj (ML (x5 (M), o1, ) TL (20}, (M), —lig—1,5 — 1)
(16) X T (€ (M), em1,5 )T (€1 (M), =le—1,5 — 1).

4.4. It is well known that

p /4
2p A _ Z Aeq Z A—g,
Crtor = ) + T
a=1 a=1

a
where ¢, = (0,...,0,1,0,...,0). Here )% = 0 if Axte, is not a highest weight.
Fori1<a<p,set N =A+¢e,0r X =X—¢g, and let

(17) P :C2p ® T; — T;I

denote the canonical sp(p) projection.

4.5. Let {e;: 4= —p,—p+1,...,—1,1,...,p} be the standard basis for C**.
We shall identify C%¢ = span{e;:i = —p,...,~p+q—1,p—q+1,...,p}. Thus
C?9 is the subspace of sp(p — g)-invariants in C?.
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Let A € A*(p) and u € A*(p — ¢q). Let v, denote a highest weight vector
of 7}_,. Suppose that 7/__ occurs in 7. Recall (8) that (7))v, denotes the
subspace of all sp(p — ¢) highest weight vectors with highest weight p. Note that

this is a module for sp(g). A basis of (1.)),, is given by
B M,.) == {Car € BOV): dp—o( M) = M,}.
Clearly C* © (1), CC* © 7).

LEMMA 4.5.1: Suppose that A € AT (p), p € AY(p—q) and X' = A £ ¢, where
1 <a<p. IfN € A*(p}, and 7,_, occurs in both 7, and Tz’,\', then the restriction
of the projection map py: to the subspace C2¢ @ (TA)% is nonzero and its image

P
lies in (T;,\)v“,

4.6. PROOF OF LEMMA 4.5.1. The last assertion about the image is clear. We
shall prove that the restriction map is nonzero.

Recall that sp(p+1) is spanned by {F;;: i,j = —p—1,-p,...,—1,1,...,p+1}.
Let sp(p) be embedded in sp(p+1) as described in §4.1. Let W denote the span of
{Fi—p-1:1=—p,...,—1,1,...,p}. Then W is a sp(p) module under the adjoint
action, and W ~ C?. Under this isomorphism, e, € C? (see §4.5) is identified
with Fp _p_1.

We will first deal with the case A = A+ &,. Let A = (XI, .. .,X,,H) where
X =M\+1and Xi“ = ); if ¢ > 1. Consider the representation T§+1 of sp(p+1).
We identify 7.} with the subspace

span{Cz; € BOA): )y (M) = A, 1,(M) = A}
of T1§+1' Let L: W ® TI’,\ - T§+1 be the sp(p) map given by Lie algebra action
LXov)=Xv (XeW, ver)).
Let pl: T§+1 — ‘r;" be the sp(p) projection given by

O T e R R
g otherwise.

By (12), (¢, © L)(Fp,—p-1 © () = CralM)Cy (3745,,- BY Lemma 4.6.1 below,

we can find a (57 € B(A, JFWV,‘) such that CMM,,., # 0. Hence p}, oL # 0 and we can

identify py with pj o L. Under this identification, F}, _,_; ® (5; corresponds to
an element in C? @ (T];\)v” and this proves Lemma 4.5.1 for the case M = A +¢,.
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We shall adopt the following convention. If 7 = (ny,...,7,) € A*(r), then we

_Joo L0,
=0, izl
LEMMA 4.6.1: Define a pattern M associated with X as follows:
(i) dp—q(M) = My, rpp1(M) =171 (M) = X and rp(M) = A
(i) mi; = min(/\j,ug(p a— i)+j) forp—q+1<i<p-1,1<j5<1.
!

(lll) ’nl'y = mln(/\]7 Ho(p—gq— l)+]+1) fOI‘p q+ 1< <p 1< .] <i.

Then M and M + 0pa are patterns associated with X

set

Proof: It is easy to see that Misa pattern. To show that M+ Opq is a pattern,

it suffices to show that m/ > A, + 1. Indeed, m;,a L= min(/\a_l,ua_gq).

p,a—1
Since A + &, € AT(p), Aa—1 > Aq + 1. On the other hand, since 7 p q occurs in
Tg“"ea, Pa—2q 2 Ao + 1. Thus mp,a_l = mln()\a—la Na—?q) > A+ 1 1

Next we consider the case N = XA — g,. We only need to modify the proof
for A + ¢, slightly as follows. First we replace A by A = (A1, Ag,...,Ap,0). We
identify 7, with the subspace

span{(M € BO\): (M) = X r,,(]\’;f) =}
of T 1. Define pg: p+1 — 7' " by

i) = { S 155000 =3 -5, =2
0 otherwise.

The proof proceeds as before and eventually it reduces to Lemma 4.6.2 below

(cf. Lemma 4.6.1) and completes the proof of Lemma 4.5.1.

LEMMA 4.6.2: Define a pattern M as f(f)\]!ows:
(i) dp—g(M) = M, rpp1 (M) =151 (M) = A and rp(M) = A
(ii) ms; = max(Aap—2i+j, ;) and mg; = max(Azp_2itjt1,45) forp—q+1 <
i<p-1,1<35<.
(iii) my, ; = min(Xj,mp_y j-1) for j #a—1 and my, ,_; = max(Aq, Mp—1,a-1)-
Then there exists k € {a—1,a} such that M — Op+1.0 = Opa —0p_y IS a pattern
associated with X.

Proof: We need to consider two cases:

CasE 1: Ifmy_ .1 < Mpga, then my, , 1 = Aq and m;ﬁ = Mp_1,0—1, SO that

M- 8p11.0 = Opa — 0p_1 4—1 18 @ pattern associated with A.
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Case 20 If mp_14-1 > Mpa, then my, , 1 = my_1 41 and My o = Ag- Since
A — g, is dominant, mp o —1 = A — 12 Agy1 2> mp ar1 = min(Ag41,Mp_1.4).

Thus M — Op+1,6 — Opa — 0p_1 4 is & pattern associated with X. This completes

the proofs of both Lemmas 4.6.2 and 4.5.1. ]

COROLLARY 4.6.3: By scaling the projection pyy., if necessary, we have the
following formula:

(18) Prteq(€p ® (ar) =CM+5,,G7

(19) Pr—e, ep ®CM Z Dam CM 6pa—5

where (p € TI’,\ and D, (M) are nonzero scalars.

Proof: We have identified px., with p) o L and e, with F, _,_; in the proof
of Lemma 4.5.1. By (12), p, © L(Fy,—p—1 @ Cu) = Cpt1,0(M){ar44,.- By (19),
the coeflicient Cpy ,(M) only depends on A + ¢, and it disappears if we replace
Prte. BY Cpy1.a(M) " prsc,. This proves (18). The proof for (19) is similar.
|

5. A basis of I,(s)

5.1. In this section, we shall use the results of Molev ([Mo]) to construct bases
for I,,(s), Ipq(s, 1) and their subquotients. Recall that I,(s) has K-types (K =
Sp(p) x Sp(p))

(20) Ls)= Y W,

AEAT(p)

where for each A € A*(p), Vi = ) ®7,). By Proposition 4.3.1, V, has a basis
B(V)) = {Cm ®Cyr: M and M’ are patterns associated with A}.

Thus Uyep+(py B(VA) is a basis of I,(s).

5.2. Recall the definition of g = E@ﬁ and T » in §2.4. As a representation
of K = Sp(p) x Sp(p), Bc ~ C* R C. We define Fy € pc to be the vector
corresponding to the vector e, Me, € C? X C?. Lemma 5.2.1 below describes
the Lie algebra action of Fy on a basis vector (ar B (ar in (o, Ip(s)). We will
need this lemma in §7.
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LEMMA 5.2.1: We have

Su(Fo) (Gt BGa) =3 s (i + 5+ 9= i 2) (G Boray)

i=1
z 1
+ Yt (/\i —s+p-Jj+ '2‘)Djm(M)
Jim,m/=1

X D]m’ (M,)(CM—(spj_‘s;)m E CM"—JPJ' —é;m,)

where ty \ is a nonzero complex number depending on A, X' and s. Do, (M) is
a nonzero number as given in (19).

Proof:  Using Corollary 4.6.3 and §2.4, T s can be interpreted as the composite
of the following maps:

(21) pC@VA (C2p®7' I (C2p®7';‘) pAEgA' @T 3)7' @TA’ X 1 2%

where ¢ is multiplication by A;+s+p-—-a+ % if ' = A+¢, and multiplication by
Ai—s+p—a+ % if M = A—¢,. The maps ¢, and t,, are isomorphisms uniquely
determined up to nonzero scalars. py was determined in Corollary 4.6.3. ¢y x is
a result of ¢) and t) and the choice of the canonical bases of V) and V). ]

By identifying I,(s) as functions on K (see [J]), one can show that the above
lemma holds for all s, that is, £, is independent of s. It would be interesting
to determine ¢y s explicitly.

5.3. A BASIS OF R, . Assume that [,(s) is reducible, and R is an irreducible
subquotient of I,(s). By Theorem 2.4.1, R = R;(s) for some t. Let p € A*(p—q)
and let v, be a highest weight vector in 7,_ . Recall §3.2 that R, denotes the

_g-isotypic component of R, and R,, denotes the space of Sp(p — ¢) highest
weight vectors in R,,.

Since R has K-types

- T n
AEA*(R)

where
(22) A*(R) = {A € A*(p): A > [s| = p+t—1/2> M),
it has a basis given by

(23) BR)= |J B(W).

AEA+(R)
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Under the action of K = U(p) x U(q),

Ry, = Z 7',’,\ X (T];\)vu,
AEA+(R,,)

where A*(R,,) = A*(p, p)NAT(R). Now recall that M,, is the pattern associated
with p such that Cus, is a highest weight vector in 7)_,. Thus the set

(24) B(Ro,) = (o B Gurr € B(R): dyy(M') = M,.}

is a basis for R,,. More generally, let L, be any pattern associated with p and
consider the space

(25) R(L,) = span{Gu B G € B(R): dyey(M') = L},

Then clearly R(L,) = R,, as infinitesimal Sp(p, ¢)-modules.

5.4. PROOF OF THEOREM 3.3.1. By (24), R,, = (R(s))., is nonzero if and
only if I; <t < l; where I; and l; are given in Theorem 3.3.1.

Let R and S be irreducible subquotients of I,(s) such that R,, and S, are
nonzero. Suppose S — R in the module diagram. We claim that S,, — R,,.
Indeed § — R implies that there exists I-types V) and V), of S and R respec-
tively such that X' = A £ ¢, for some a and T x # 0 (see §2.4). Next we regard
(Va)o, and (Vi1)y, as K-types of I, 4(s, ). Applying Lemma 4.5.1 to (21) shows
that the image of p © (Vi),, under T » is nonzero and it lies in (Vy/),,. This
proves the claim and the theorem. [

5.5. In the remaining part of this section, we shall establish several lemmas
which are needed in the proof of Theorem 1.2.1. If 1 <r < p—1and n € A*(r),
then R, shall denote the 7-isotypic component of R under the action of Sp(r) C

Sp(q)-
LEMMA 5.5.1: Let 1 <r <p-—1,n€ A*(r), and L, a pattern associated with
n. If R, # 0, then

R, = R(L,)R 7]

as infinitesimal Sp(p,p — r) x Sp(r)-modules. In particular, R,, is irreducible as
an infinitesimal Sp(p, p — r) x Sp(r)-module if and only if R(L,) is irreducible as
an infinitesimal Sp(p, p — r)-module.

Proof: 'We shall construct an isomorphism ¢: R, — R(L,) ® 77 as follows.
Let (a & Carr be an element of B(R,), and let M" be the pattern obtained by



370 S. T. LEE AND H. Y. LOKE Isr. J. Math.

replacing the lowest 2r rows of M’ by L,. Then define
o B ) = (Cn BCu) B my- B

5.6. THE ACTION OF sp(p,q—r1). Let R, as above and let A be an infinitesimal
Sp(p, ¢)-submodule of R,,. For p— g+ 1<+ < pand a € A*(r), we define

Ay = ANR,.

LEMMA 5.6.1: For each a € A*(r), A, is an infinitesimal Sp(p,p — r) x Sp(q —
p + r) module. Moreover
(26) A= P Ao

€A+ (r)
Proof: Let x denote the infinitesimal character of center of the universal algebra
of sp(p,p — r)c acting on I, ,_,(s,a). Let p, denote the projection from R onto
its x isotypic component. By Proposition 2.5.1, p, on R is the same as the
projection onto the 7*-isotypic component R, of R. This proves (26). Since p,
commutes with the action of sp(p,p — r) @ sp(q — p + 1), A, is an infinitesimal
Sp(p,p — 1) x Sp{q — p + r)-module. ]

5.7. EIGENSPACES FOR Fj;. Forp—q+1<i<np,let

(27) s; = span{Fy;, F; _;, F_; ;} C sp(q)c C sp(p, g)c.

Then s; 22 s1(2,C) and each element of the basis B(R) for R is an eigenvector for
F;. Indeed by (9),

05 (Fi) (S B Carr) = (Iea( M) + iy (M| = 2{ri (M) (Car B Cprv).

PROPOSITION 5.7.1: Suppose that a = Y ;- cxlm, B Cm; is an element of A.
If1<i<m, and

Ci = {k: 1<k <m, rj(My) = r;(M)), |ri(Mp)| = |v5(M])| Vp—q+1 < j < p},
then the “subsum”

(28) > exlu, B ary

keC;

also belongs to A.

Proof: Forp—gq+1<j<p,setal :=r;(M]) € A*(j). By (26) we can define
the projection 7,5: A — A,;. Then

(29) Tar-a+1Tap-at2 - Tar(@) = Y cxlu, By € A
ke B;
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where
B;={k:1<k<m, r;(Mj) =r;(My), Vp—g+1<j<p}

Then (28) is the image of the projection of the vector in (29) into the simultaneous
eigenspaces of {Fj;: j=p—q+1,...,p}. ]

6. Proof of Theorem 1.2.1

6.1. Weshall prove Theorem 1.2.1 by an induction on q. The case ¢ = 1 follows
from the results of [BK] but we will sketch an alternative proof. These will be
discussed in §7. In this section, we shall assume that the theorem is true for
g — 1> 1 and will prove that it is also true for q.

For the ease of explaining we will assume the more interesting case where
s+ 1 € Z. By Theorem 2.4.1, I,(s) is reducible unless s = 1. When s+ 1 ¢ Z,
Theorem 2.4.1 states that I,(s) is irreducible and the proof of Theorem 1.2.1 for
this case is similar but easier. We will leave it to the reader.

6.2. NOTATION. Throughout this section, s+ % € Z and R = Ry(s) will denote
an irreducible subquotient of I,(s) (cf. (4)). Let p € A*(p—g) and let M, denote
the pattern which corresponds to the highest weight vector in T’“‘_q. We assume
that the subquotient R’ = R,, of I, 4(s, ) is nonzero.

6.3. First we state a crucial lemma.

MAIN LEMMA: Let R and R, as above. Then there exist
() 6€A*(p—g+1),

(ii) A e A+(p),

(ii) a pattern M® = (m;, mfj') associated with A which satisfies r,_441(M%) =
8, dp—q(M%) = M, mZ—q+1,jl = max(f;,0;+1),

(iv) wo = v\ By € R,, where v, is a highest weight vector in TI;\, such that
every nonzero infinitesimal Sp(p, ¢)-submodule of R, contains the vector
wy.-

Consequently, wq generates a unique irreducible infinitesimal Sp(p,q)-
submodule U in R,,. Moreover, if s is replaced by —s, then the conclusion

of the lemma remains true with the same choice of (6, \, MY).

We will now assume the Main Lemma and proceed to prove Theorem 1.2.1.
The proof of the Main Lemma will occupy §6.4 to §6.7.
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LEMMA 6.3.1: Let Ly = dyp—q41(M?). Then U contains (see (25))

R(L9) = Span{CM X CM' € B(Rv”): dp_q+1(M') = LO}

Proof: Note that the vector wg in the Main Lemma lies in R(Lg). Let vg be a
highest weight vector in Tg_q +1- Then R(Lg) ~ R,, as infinitesimal Sp(p, ¢ — 1)-
modules. Thus by induction hypothesis, R(Lg) is irreducible and hence it is
contained in U. |

Proof of Theorem 1.2.1.: Note that sp(p, ¢)c contains sp(p,q — 1)¢ x § where
5 = 8p_q4+1 = 5{(2,C) was defined in (27) by setting ¢ = p— ¢+ 1. First we claim
that R(Lg) can be characterized as the subspace in (R,,)s such that s acts by
the highest weight

ro = 29]' + Z/‘j = 2lrp_g41(Mp)]-
J J

0
Indeed my_ 44 ;

is no longer a pattern.

Next we consider the dual representation R* = (R:(s))* = Ri(—s). In this
way (Ry,)* = (Rt(—5))v,. By the Main Lemma, the pattern Ly for (R¢(~5))v,
is the same as that for (R;(s))o,. Hence by Lemma 6.3.1, (R;(~s)),, contains a
unique irreducible submodule U’ and U’ contains the subspace in (R}, )¢ where

takes the smallest possible value for all j so that My — 5;,_ a+1,j

s acts by the highest weight ro (resp. lowest weight —7¢). This implies that R,
contains a unique quotient and R(Lg) generates R, . This shows that R,, = U
is irreducible. B

6.4. The remaining section is devoted to the proof of the Main Lemma. Let
R, be asin §6.2 and let A be a nonzero infinitesimal Sp(p, g)-submodule of R,,,.

We will briefly describe the main idea of the proof. First we pick an arbitrary
vector

m
(30) Wy = chvA CMt € (V/\)vu CA
=1

where ¢; € C, vy is a highest weight vector of 7., and dj_q(Mi) = M,,. We will
show that by the actions of the Lie algebra on wg, we can replace wg successively
such that we impose more and more conditions on the patterns M;. Eventually
only one pattern, namely M? in the Main Lemma, satisfies all the conditions.
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6.1. By Lemma 5.6.1,
A= ) 4,
6EAt (p—q+1)
Pick @ such that Ag # 0. Let Ng be a pattern associated with § such that
dp—q(No) = M,,. Then by Lemma 5.5.1, Rg = R(Ng)R7f__ .. By the induction
hypothesis, R(NNg) is an irreducible infinitesimal Sp(p, ¢ — 1)-module, so that Ry
is an irreducible infinitesimal Sp(p, ¢ — 1) x Sp(p — ¢ + 1)-module. Let a denote

the complexified Lie algebra of Sp(p — ¢ + 1). Then we have
(31) U(a)Ag = Ry.
Define A = A(F) by

0 +1 if i < min(t,2¢q — 2)
(32) Ai =S Oi_gq42 ifs>2g~1and2q-1<i<t
min(ﬁt, 0i-2q+2) ifi>t

where
b=|s|-p+t—-1/2.

Ry contains (V) )g and this in turn contains a vector of the form
(33) w= vy Ry

where vy, is a highest weight vector in 7)) and M = (m;;, m}

4 ;;) is a pattern with

the following properties:

(A1) M is a associated with A, that is, r,(M) = A,

(A2) rp_gi1(M) =6,

(A3) dp_qg(M) =M,

(A4) the entries between r,(M) and rp_q1(M) are given the largest possible
values. Specifically, for p—¢+2<i<p-qgand 1< j <1, weset

— H . . / — 3 - . -
m;; = min(Aj, op_2g-2i4j+2), m;; = min(A;j, 02p—2g—2i4j+1)-

LEMMA 6.5.1: Let R and A be as in §6.4. If 9 € A*(p — g + 1) is such that
Ag # 0, then Ay contains a vector wy of the form

we =Y _ cox By,
{

where A = A(6) € AT (p) is defined in (32) and all M, are patterns satisfying the
conditions (A1)—-(A4).
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Proof: Recall that I{(a)Ap = Rp and it contains w in (33). Hence there exist
X; € U(a) and u; € Ay of the form given in Proposition 5.7.1 such that

ZXZ'U.L‘:’LU=U>\®CM.

We also recall (24) that B(R,,) is a basis for R,, and A9 C A C R,,. Thus each
u; is a linear combination of basis vectors from B(R,,). Since the action of X;
on the basis vectors of Tzf‘ only affects the lowest 2p — 2¢ + 1 rows of the patterns,
at least one of the u;, say 1., is of the form

m
(34) Uy = ZC[’U,\ X CM[

=1

where for each I, ¢; € C, M; is a pattern associated with A such that
r (M) =r;(M), [rj(My)] = |r}(M)]|

for p— g+ 2 < j < p. Since M satisfies (A4), the entries m;; and mgj between
rp(M) and rp_g41(M) are given the largest possible values. It follows that if
M; = (pij,pj;), then

piy =my and  pi; <mj;

forp—g+2 <i<pand 1l <j<i. Ontheother hand, foreachp—qg+2 <i<p,

we have .
lI‘i(M[)l = szj Zmzj |rl |
j=1

Hence p;; = m;; forallp—¢+2<i<pand1<j<: This proves the lemma.
| |

LEMMA 6.5.2: Let R and A be as in §6.4. Let k be an integer satisfying
1<k <p-q+1. Suppose that the following conditions hold:
(i) Ap #0.
(i) Ifk > 2, then min(fp_1, pr—2) > Ok.
(i) Ifk=t+1>1 then 04y <.
Then Ag4s, #0.

Proof: Let
wy = ZCW,\ & Cu,

1
be the vector in Ag as described in Lemma 6.5.1. We consider two cases.
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CAsE 1:  Suppose for some I, M; = (a;j, agj) is such that

I
Opqt1,k—1 > O

Note that this is trivially satisfied if £ = 1. Then M; + é,_q+1,4 is a pattern
associated with A and rp_q1 (M) +0p_g11k) = O4c. Let F = F,_ 11 _(p—q42)-
Since F' € sp(p,q)c, F{wg) € A. By Proposition 4.3.1, F(wy) has a nonzero
component

CiU) g <M1+6p_q+1,k .

Thus 7g4e, (F(weg)) # 0 and Agye, # 0.

CAse 2:  Suppose for each [, the pattern M; = (a5, agj) is such that

!
Tp—gt1,k-1 = Ok

Let Y = F_(,_g41),p—¢+1- Then by Proposition 4.3.1, Y(Caz,) contains a nonzero

component in CM1+5,’,_‘,+1,,C_1' Now for the pattern M; + 6;_q+1’k_1, note that

a;)—q+1,o‘c—1 +1> 6.

Thus we replace the vector wg by Y (wg) and proceed as in Case 1.
We need condition (iil) because Ry # 0 imply that ;41 < ;.

6.6. Recall Eq. (26) that

A= ) A,
6€AT (p—q+1)
We define
(67™) 4 = min{6;: Ag # 0}.
Now a theorem of Harish-Chandra states that an admissible Harish-Chandra
module with a unique infinitesimal character is of finite length (for example, see
Cor. 5.4.16 [Vo]). Thus R,, has only finitely many distinct submodules, and so
we can define
(35)
01 = max{(67"™) 4: A is an infinitesimal Sp(p, ¢)-submodule of Ry, or (R,,)"}.

LEMMA 6.6.1: Let R and A be as in §6.4 and let 6 € A*(p — ¢ + 1) be defined
by

(1) 6, =6,=06y;

(2) 0 =pj2forall3<j<p-q+1,j#t+1,t+2; and
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(3) 6; = min(p;_o,6,) for j=t+1,t+2.
Then
(i) Ag contains a vector of the form wg = vy ® vy where

b
(36) v =Y eilum,s
i=a
a < b < ¢ are nonnegative integers, A = A(6) and M; is a pattern satisfving
the conditions (A1) to (A4), and

r;;_q+1(Mi) = (617 Hiseeoy fe—2,s ia Inin(p'ta et)’ Ht+1y-+ s fp—gq, C— i)

(ii) Furthermore, we may assume that F,,_,41 _(p—q41)v0 = 0.

Proof: Take any 6 such that §; = (65" )4 and Ag # 0 and apply Lemma 6.5.2
repeatedly to get (36). It reduces to 3 possible cases, namely, (1} ¢ < pe—1 < 44,
(2) pe < € < pp—y and (3) € < py < pyq- In the first case a = b = py_1, and
W = couy W (p, and r,_o 41 (Ma) = (O, f11,- -+ f14—2, 15 flty - - - 5 hip—gqs € = @),
In Cases (2) and (3), Wy is a sum. We will leave the details to the reader.

Next we prove the last assertion. Let Y = F,,_;,1 _(p—q+1) and suppose Yvo #
0. Then we may replace Wy by vy ®Yuvg € A and (i) still holds. In this case
¢ is decreased by 1. Since ¢ is nonnegative, the process must stop after finite
iterations and Yuvg = 0. |

6.7. PROOF OF THE MAIN LEMMA. Set r = p— ¢+ 1. Let vy be as in (36).
By (10),

b
(37) 0=Fr_v0=Y_ cidr(Mi)Cps,—s1, + ciArr(Mi)Cpr,—s, .

i=a
We counsider 2 cases.
CAsE 1:  Suppose a = c. We set M® = M,, wg = g = vy ®(y, in Lemma
6.6.1 and we are done. In this case a = b = max(u,0s41) by (37) and
I';(Ma) = (@1,111, .- -,ﬂt-2»min(ltt—hft)»min(#t,ft), - --,Hp—q»O)-

CASE 2:  Suppose a < ¢ and we will reduce this to Case 1. By comparing the
coefficients of the canonical bases in (37), we conclude that a = max(p, Or41),
ca # 0, Mg — 4., is a pattern and the coefficient of (a5 _ is

(38) CaApr(Ma) + Cay1Ars(Mag1) = 0.

Let F = F,. _,_; and we need the following lemma.
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LEMMA 6.7.1: Write F(vg) as a linear combination of the canonical basis vectors
of Sp(p). Then the coefficient of (nr, s, -6 —6._,.,._, IS nONZEro.

Proof: By applying (12), we expand Fug in terms of the canonical bases. One

can check that the coefficient of the basis vector (ar—s,, -5 -5 is

r—1,r—1
(39) CaDr,r,'r,'r—l(Ma) + Ca-l—lDr,r,r,s (Ma+1)-

We claim that (39) is nonzero. Indeed by (38} it suffices to check that

— Arr(M,) Art(May1) )
(40) D i= det (D'r,r,r,p—‘}‘(Ma) Drrrt(Ma+1) % 0

We substitute (13) to (16) into the entries of the above determinant. The main
observation is that the entries are products of numbers depending on the rows of
M, and M, . Moreover, the rows of the M, and M, are the same except at the
r’-th row. Therefore, the entries in D have many common factors. Calculation
shows that D is a nonzero multiple of the number

(41) =L+ +1) -+ 0+ ) =L+ )+ (1L + 1)

where l; = —m,; — i and I = —m, ; — i. The right hand side of {41) a nonzero
negative integer because 0 > I/ > I}. This completes the proof of Lemma 6.7.1.
1

We continue with the proof of the Main Lemma. Let w; € A denote the image
of the projection of F(wy) into the Tf‘sr-isotypic component. By Lemma 6.7.1,
w; # 0. Then by (12), Fw, has a nontrivial r2-isotypic component. Now by (11),
the vector F_,_1,41(Fw;) has a subsum of the same form as wg in Lemma 6.6.1
except that c is replaced by ¢ — 1. Thus by applying this procedure repeatedly,
we reduce to Case 1.

The assertion about the irreducible submodule U is clear. Finally, we note
that the definitions of § and M? depend only on the K-types of R, = (R¢(s))w,
Since the dual representation (R,,)* ~ (R:(—5)),, has the same K-types, the
lemma holds with same choice of (8, A, M%). 1

7. Proof of Theorem 1.2.1 for ¢=1

7.1. It remains to prove Theorem 1.2.1 for ¢g=1. We will give two proofs of this
fact:
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7.2. FIRST PROOF. One can deduce the number of irreducible subquotients of
I,1(s, u) from [BK] (also see [HK]). A case by case verification shows that the
number agrees with the number of subquotients given by Theorem 1.2.1.

7.3. SECOND PROOF. We will prove the Theorem by ‘induction from ¢ = 0'.
The proof was not included in §6 because certain special considerations will com-
plicate the (already complicated) treatment there. However, the idea is similar
so we will only give a sketch of the proof.

First we set ¢ = 1 and A(6) = 6 throughout §6. In the Main Lemma, part (i) is
the same as (ii). In Lemma 6.3.1, R(Ly) is just an irreducible K-type of Sp(n, 1)
and (Ry,)o = (Va(6))v,- The proof in §6.3 works formally for ¢ = 1.

It remains to prove the Main Lemma. Conditions (A1) and (A2) in §6.5 are the
same. The proof proceeds exactly as that in §6.5 to §6.7 except in the proofs of
Lemmas 6.5.2 and 6.7.1 we replace the operator F by the operator Fy € sp(n,1)
in Lemma 5.2.1. This gives the Main Lemma and completes the proof for ¢ = 1.
|
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