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ABSTRACT 

Let p ) q and  let G -- Sp(p, q). Let  P = LN be the  max ima l  parabolic  

subgroup  of G wi th  Levi subgroup  L ~-- GLq(H) × Sp(p - q). For s E C 

and  # a h ighes t  weight of Sp(p - q), let 7r.s,~ be the  representa t ion  of P 

such tha t  its restr ic t ion to N is trivial and  ~s,~iL ---- de t~  [] ~ 7~_q, where  

detq is the  d e t e r m i n a n t  charac ter  of GLq(H) and  T~_q is the  irreducible 

representa t ion  of Sp(p - q) with h ighes t  weight it. Let  Ip,q(s, it) be the  

Har i sh -Chandra  module  of the  induced representa t ion  Indp  G 7rs,t~. In this  

paper ,  we shall  de te rmine  the  module  s t ruc tu re  and  un i ta r i ty  of Ip,q(s, tt). 

1. I n t r o d u c t i o n  

1.1. Let p > q and let G = Sp(p,q). Let P = L N  be the maximal parabolic 

subgroup of G with Levi subgroup L ~ GLq(H) × Sp(p - q). For A C GLq(tI~I), 

let detq(A) be the usual determinant of A realized as an element of GL2q(C) (see 

pages 18 19 of [C]). Note that detq A C IR + for all A E GLq(H). For n E Z +, let 

A+(n) -- {(A1,... ,  An) E Z n :  Z~l > )~2 _> . - "  ~ / ~ n  _> 0}  

denote the set of dominant weights of Sp(n). For each A E A + (n), v~ shall denote 

the finite dimensional irreducible representation of Sp(n) with highest weight ~. 
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Now for s E C and It E A+(p-q) ,  let (Trs,~, U ~'~) be the representation of P such 

that its restriction to N is trivial and 

71.s,pl L s I~ = detq l~7~_q. 

We form the normalized induced representation 

(1) 
IndCpTrs,~ = 

{f: G --+ US'': f is C~, f (gp )  = (5(p-1))½7rs,~(p-1)f(g),g C G,p E P} 

where 5 is the modular fimction of P given by 5(a) = (detq a) 2p+1, a E L, and on 

which G acts by left translation. Let Ip,q(s, It) be the Harish-Chandra module 

of IndGp 7r,,,. In this paper, we shall (i) describe all the irreducible subquotients 

of Ip,q(S, It), (ii) determine the module structure of Ip,q(S, #), and (iii) determine 

the unitarity of Ip,q(S, #) and all its irreducible subquotients. 

Note that  Imq(s, It) is not multiplicity free when restricted to the maximal 

compact subgroup K of G. 

1.2. We shall briefly describe our methods and our main results. We first note 

that the representation Ip,q(s, It) can be embedded into a representation of the 

larger group G = Sp(p,p) whose module structure is well known ([J], [S], [Zh]). 

More specifically, let P = LN be the maximal parabolic subgroup of G with its 

Levi subgroup L, -~ GLp(H). We form the normalized induced representation 
5 s hldp detp (cf. (1)), and let (as, Ip(s)) denote its Harish-Chandra module. We 

shall embed Ip,q(S, it) into Ip(S) in Proposition 2.5.1. Let Ip,q(s, it)' denote its 

image in Ip(s). Let 

Wl w2 c I,(s) 

be infinitesimal Sp(p,p)-submodules of Ip(s) such that  R := W2/W1 is an irre- 

ducible subquotient of Ip(s). Define 

(2) R' := (w2 n It) ') / (wl  n It)'). 

Thus R' can be identified with a subquotient of [p,q(S, #). 

THEOREM 1.2.1: Let R be an irreducible subquotient of lp(s) and # E A+(p-q) .  

Define R' as in (2). If  R ~ is nonzero, then it is an irreducible subquotient of 
Ip ,q(8 ,  I t) .  Moreover, all irreducible subquotients of Ip,q(S, It) are of this form. 

Using this theorem, we completely determine the module structure of fp,q (s, #) 

and the unitarity of all the irreducible subquotients of Ip,q(S, It). The results are 
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given in Theorems 3.3.1, 3.4.1 and 3.5.1. We also obtained the "long comple- 

mentary series" in Corollary 3.5.2. In the case of the orthogonal group, this 

phenomenon was first observed by J-S Li ([Li]). It has also been shown in [LTZ] 

that  representations in the long complementary series are the theta lifts of certain 

lowest weight modules. 

1.3. The composition factors of the principal series of Sp(p, 1) was determined 

by [BK] using Vogan's algorithm. 

1.4. We will show in a future paper ([LL2]) that some of the subquotients we 

obtained are the theta lifts (and more generally Howe quotients) of lowest weight 

modules of O* (2m). Indeed this fact provided the initial evidence that Theorem 

1.2.1 holds. 

1.5. In an earlier paper (ILL1]), we have determined the structure and unitarity 

of similar families of representations for the groups U(p, q) and Spin0(p, q). In 

establishing the results for these cases, we have used a very crucial fact that the 

restriction of an irreducible representation of U(n) (resp. Spin(n)) to V(n - 1) 

(resp. Spin(n - 1)) is multiplicity free. However, this does not hold for rep- 

resentations of Sp(n). Thus we need substantially different and more involved 

arguments for the Sp(p, q) case. 

1.6. This paper is arranged as follows. In §2, we shall summarize the module 

structure of Ip(s) (cf. [J], IS], [Zh]) and embed Ip,q(s,#) into Ip(s). We state 

our theorems on the module structure and unitarity of Ip,q(S, #) in §3. In §4, we 

review the results of Molev ([Mo]) on finite dimensional representations of Sp(n) 

and prove several lemmas for later use. In §5, we use Molev's result to construct 

bases for Ip(s), Ip,q(S, #) and their subquotients. Finally, we prove Theorem 1.2.1 

in §6 and §7. 

Lemma 5.2.1 describes the explicit action of the Lie algebras on a basis of 

the irreducible representation in Theorem 1.2.1. This will be useful for future 

computations. 

2. Restrict ion of  the  degenerate  series of  Sp(p, p) 

2.1. Let G = Sp(p,p). In this section, we shall review the module structure 

of the degenerate principal series representation Ip(s) of G given in §1.2. By 

restricting the action of G to Sp(p, q) × Sp(p - q), we show that we can embed 

Ip,q(S, #) into Ip(8). 
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2.2. We note that G has a maximal compact subgroup h" = Sp(p) × Sp(p) and 

Ip(s) has h%types 

(3) ~,(~)= E r~ 
)~EA+(p) 

where for each A E A + (p), V~ ~ 7-~ [] T~. 

2.3. In order to state Theorem 2.4.1 below, we need to recall a definition. Let 

H be a Lie group and let V a Harish-Chandra ,nodule of H of finite length. A 

m o d u l e  d i a g r a m  ~(V) of V ([A]) is a directed simple graph where the vertex set 

of G is the set of all irreducible subquotients of V. There is a directed edge from 

the vertex R2 to the vertex R, if and only if there are submodules V2 C V1 C_ V 

satisfying a non-split exact sequence 

O -+ R 2 -+ V~ / V2 -+ R ~ ~ 0. 

2.4. Let ~ and t be the Lie algebras of G of /~  respectively, and let 

= ~  

be the corresponding Cartan decomposition. For each A E A+(p), let pr~ : 

Ip(s) ~ V;~ be the canonical projection, and let m~: Pc Q V~ --~ Ip(s) be the t c  

map given by the Lie algebra action 

m ~ ( x  o v) = x (v )  ( x  E Pc, v E V~). 

For ~, A ~ E A + (p), let T~,~, = pr x, om~. By Schur's lemma, T~,~, is unique up to 

a nonzero scalar. If A~ ~ A :t: ~/ for all 1 < i < p, then T~,~, = 0, and (see [J]) 

(i) T~,~+~ ~ 0 if and only if hi % - s  - p + i 3 

(ii) T~,~_~ ~ 0 if and only if ),i ~ s - p + i - 1 2" 
This immediately leads to the following theorem on the structure of Ip(s). 

THEOREM 2.4.1 ([J], [S] and [Zh]): Let s E C. 

(a) Ip(s) is reducible if  and only if  s E ½ + Z and Is] ~ 3, and it is unita- 

rizable if  and only i f  either Re(s) = 0 (unitary induction) or s E (_3 ,  '-3)2 

(complementary series). 

(b) Suppose s ~ ½ + Z and Isl _> ~. Set Z:= max(-Isl + p +  ½,o). Then for 

each l ~ t ~ p, Ip(s) has an irreducible subquotient Rt(s) whose ~'-types 

a r e  

(4) R t ( s ) = E { V ~ - - T ~ [ ] r ~ : A t > N - p + t - 1 / 2 > _ A t + l } .  
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The module diagram of Ip(s) is given by 

Rt(s) ( Rt+l(s) < . . .  ( Rp(s) if s < -3 /2 ,  

Rt(s) ) Rt+m(S) -----+ "" ---+ Rp(s) if s >_ 3/2. 

1 Rt(s) is unitarizable if and only if  either (i) t = p or (ii) 3 <_ 181 _< p + 
1 andt = - 1 8 1 + p +  ~. 

For a Harish-Chandra module V, we shall denote its dual module by V*. Then 

Rt(s)* ~- R t ( -8 )  as infinitesimal Sp(p, q)-modules. 

2.5. Fix 1 < q < p. Then Sp(p, q) ×Sp(p-q) C_ Sp(p,p). For each p E A+(p-q),  

let Iv(e),  denote the 7p~_q-isotypic component of Ip(s). 

PROPOSITION 2.5.1 : 

(i) For any s C C and p C A + ( p -  q), 

I;( ~ ---- Ip,q(8, p) [] " 8), Tp_q. 

Hence 

(5) I,,(8) E 
ttEA+(p-q) 

(ii) The summands [p,q(S,p) on the right hand side of (5) have distinct 
infinitesimal characters. 

Proofi The proof for (i) is similar to the cases of U(p, q) and Spino( p, q) ([LL1]). 
For (ii), we note that  Ip,q(S, p) has infinitesimal character 

( _3_ 1 ) 
(6) s + q - ~ , s + q  2 . . . . .  s - q + ~ , p x + p - q ,  p 2 + p - q - 1  . . . . .  pp_q+l  

and this is uniquely determined up to the action of the Weyl group (+1) p+q >~ Sp+q. 

Hence given p, q and s, the infinitesimal character determines #. This proves the 
proposition. | 

2.6. Let # C A + ( p -  q) and let v, be a fixed vector in rp~_q. Let Ip(8)~,, be the 

image of Ip,q(S, #) [] v ,  under the isomorphism given in Proposition 2.5.1. Then 

we can identify Ip,q(S, p) with the subspace Ip(s)~, in Ip(s). Under the action of 

Sp(p) × Sp(q), 

(7) = Z 
.kEA+ (p..) 
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where 

and 

A+(p,#) = {A • A+(p): Ai _> Pi _> A~+2q, ¥1 < i < p - q} 

(8) 7: X ( p )~, = span{¢(v,) • r~[¢ • Homsp(p_q)(Vp~_q, Vp~)}. 

3. M o d u l e  s t r u c t u r e  a n d  u n i t a r i t y  

3.1. In this section, we shall assume Theorem 1.2.1 and we will apply it to 

obtain the module structure and unitarity of Ip,q(s, tt). 

3.2. Let # E A+(p - q) and let % be a highest weight vector in Tp~_q. By (7) 

we identify Ip,q(S, #) with the subspace Ip(s)v,, in Ip(s). Let R be an irreducible 

subquotient of In(s ). Then by Theorem 2.4.1, either R = In(s ) or R = Rt(s) for 

some t. Let R ,  be the Tp'_q-isotypic component in R and let Rv, be the space 

of S p ( p -  q) highest weight vectors in R~. If W1 C_ W2 are infinitesimal Sp(p,p) 

submodules of Ip(s) such that R -- W2/W1, then 

w2 n Ip(s) . 

Thus R~, can be identified with a subquotient of Ip,q(s, #). In fact, by Theorem 
1.2.1, if Rv,, # 0, then it is an irreducible subquotient of Ip,q(S, #). Moreover, all 

irreducible subquotients of Ip,q(S, ~) are of this form. 

3.3. MODULE DIAGRAM. The following theorem describes the module diagram 

(see §2.3) of Ip,q(S, #). Its proof will be given in §5.4. 

T H E O R E M  3.3.1: I f s  + ½ E Z - {0, 1}, # • A+(p - q), and 

ll = rain(j: #j+l _< [ s [ -  1/2 --p + j}, 12 = max{j: #j-2q --> [ s l -  1/2 --p + j}. 

Then the module diagram of lp,q( s, #) is given by 

(nll(s))v, +--'- (nll+t(S))v, < "'" ( (nl~(S))v, if  s < -3 /2 ,  

(R,(s))v .  >. . .  if s >  3/2. 

Thus the module diagram of Ip,q( 8,# ) is a spanning subgraph of I;(s). 

3.4. The following theorem identifies those representations Ip,q(S, #) which are 

irreducible. 
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THEOREM 3.4.1: Let s E C and # E A+(p - q). Then Ip,q(s,#) is irreducible i f  

and only i f  one of the following conditions holds: 

(a) s + ½ • c \ z .  
(b) s = +½. 
(c) p_>2q, s + ½  • Z ,  Is[_> 3, max(2q,_ls[ + p +  !)2 < - j -  < p a n d  

~j = ] t j - - 1  . . . . .  ~j-2q+l = IS l -  1 / 2 - - p  + j. 

In particular, if j > p - q, then [~j = O, SO that the above condition for 
1 irreducibility is equivalent to p >_ 2q, #j-2q+l = 0 and Isl = p - j + ~. 

Proo£." By Theorem 2.4.1, if s satisfies either Condition (a) or (b), then Ip(s) is 

irreducible. Thus in these cases, Ip,q(s, #) is irreducible by Theorem 1.2.1. The 

representations Ip,q(s, #) in part (c) are exactly those representations in Theorem 

3.3.1 with ll = 12, that is, their module diagrams consist of a single vertex. | 

3.5. UNITARITY. Next we shall determine the unitarity of Ip,q(S,p) and its 

irreducible subquotients using the method of ILL1]. We shall omit the proof and 

only outline the main ideas. 

A subquotient of Ip,q(s, p) is unitarizable if and only if it is isomorphic to its 

Hermitian dual. By comparing the infinitesimal characters using (6), this occurs 

only if s is real or purely imaginary. In the latter case  Ip,q(8, •) is irreducible and 

unitarily induced. 

Next we assume that s is real and R is an irreducible subquotient of Ip(s). One 

can construct a sp(p,p)-invariant form (.~ .} (which need not be positive definite) 
on R and its signature on the/~'-type V~ can be calculated. Write R = R + G R -  

where R + (resp. R- )  is the sum of/~'-types of positive (resp. negative) signature. 

Since R is/~'-multiplicity free, it is easy to see that the restriction of (., .} to R . ,  

is a nontrivial nondegenerate sp(p,q)-invariant Hermitian form (.,.}~ on R ~ .  

Moreover, Rv, is irreducible, so (., .}' is the unique form up to a scalar multiple. 

Hence Rv, is unitarizable if and only if it lies in R + or R - .  Checking the 

last condition is a tedious but straightforward computation. The results are 

summarized in the following theorem. 

THEOREM 3.5.1: Let s E C and # E A+(p). 

(A) (Unitarity of Ip,q(8, It)) Ip,q(8, It) is unitarizable if and only if one of the 

following holds: 

(a) (Unitary induction) Re(s) = 0. 

(b) (Restriction of the complementary series of Sp(p,p)) s e ( -3 /2 ,  3/2). 
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(c) p > 2 q + l ,  #a = 0 /'or some 1 < a <_ p - 2 q ,  s E ~, and [s] < 
5 p - 2 q - a + 5 .  

(B) (Unitary subquotients) Suppose that s + ½ e Z -  {0, 1}, so that Ip(s) is 

reducible. 

(a) (Restriction of the unitarizable subquotients in Ip(s)) 

(i) I f ,p_~q  > lsT-  ½, then (Rp(s))v.  is unitarizabIe. 

1 and P l + I  ---- 0, then (Rl(s) )v ,  (ii) If~ <_ls[<_p+ l , l=-H+p+~ 
is unitarizable. 

(b) (New unitary subquotients) I f  p >_ 2q + 1, 2q <_ j < p, #j-2q >_ 

Isl - p + j - ½ and ~ - ~ + 1  = 0, then (R~(s))~. is unitavizable. 

(c) Parts (a) and (b) give all the unitarizable subquotients  of  lp,q(S, #). 

The following corollary, which is a consequence of Theorem 3.5.1(A)(c), gives 

the "long complementary series." 

COROLLARY 3.5.2: I f  p >_ 2q, s E R and Is[ < p -  2q + ~, then Ip,q(s,O) is 

unitarizable. 

4. A basis of  representations of  sp(p) 

4.1. For any positive integer p, we shall write sp(p) for sp(p, C). In this section, 

we shall review the results of Molev ([Mo]) on the structure of finite dimensional 
irreducible representations of 5p(p) and prove several lemmas for later use. 

Molev enumerates the rows and columns of 2p x 2/) complex matrices by the 

indices - p , - p +  1 , . . . , - 1 , 1 , . . . , p .  Let {Eij: i , j  = - p , . . . , - 1 , 1 , . . . , p }  be the 
standard basis of g[(2p, C). Let 

Fi j  = E i j  - Oij E - j , - i  

where Oij -~- sgn i • sgn j .  Then 

~p(p) = span{Fij: i , j  = - p , - p  + 1 , . . . , - 1 ,  1 , . . .  ,p}. 

For r < p, we shall identify sp(r) with the subalgebra of sp(p) spanned by 
{F, ij: i , j  = - r  + 1 , . . . , - 1 , 1 , . . . , r  - 1}. In this way, we obtain a chain of 

subalgebras 
~p(1) c_ ,p(2) c_ . . .  c_ ~ p ( p -  1) c_ ~p(p). 

Let A -- (A1,. . . ,  Av) E A+(p) and let vp ~ denote the irreducible representation of 

~p(p) with highest weight A. By restricting Vp ~ to the above chain of subalgebras, 
Molev constructs a basis for ~-p~ which is analogous to the Gelfand-Zetlin bases 

for finite dimensional irreducible representations for u(p) and so(p). 
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4.2. DEFINITION. Let A C A+(p). A pattern M : (mij,m~j) of sp(p) associ- 

ated with A is an array of integers of the form 

?//'p 1 m p 2  . . . . . .  Tltpp 

? , l ; l  l i ' l ;2  . . . . . .  ?l~;p 

?Y/p_ 1,1 . . . . . .  ~Ttp_ l ,p_  1 

~, . . .  m r ?7~,p- l , i  " " " p -  l , p - 1  

° . .  

r o l l  

! 

N~llt 

where (mpl, my2 , . . . ,  mpp) = (A1, A2 . . . . .  An) and the following inequalities hold: 

! 
? n k l  ~ ~q~tki ~ mk2 >_ Ittk2t > . . . .  " ' "  > ?r~kk > m k k  > 0 ,  

! 
ma >_ ml-l,1 > m~2 >_ mr-l,2 >_ " "  >_ m t - l , , - i  > m~ > O, 

for k = 1 . . . .  ,p and l = 2 . . . .  ,p. 

Our definition differs fi'om that given in page 595 of [Mo]. In his notation, 
! 

A i j  --= - - m i , i - j + l  a n d  A~j = - m i , i _ j +  1. 

4.3. NOTATION. (i) For A C A+(p), define the pattern Mx = (mij,m~j) by 

mij = m~j -= Aj for 1 _< j < i _< p. Then (Mx is a highest weight vector in 7p ~. 

(ii) Let M = (mij, m~j) be a pattern of sp(p). Let 1 < r < p and we define 

d~(M) to be the pattern of sp(r) obtained from M by deleting its top 2p - 2r 

rows. We also define 

I M I I r~(M) := (m~l, . . . . .  .,mii), r i( ) : =  (mit, ,mii ), 
i i 

lri(M)l := ~ m i j ,  Ir'~(M)l := Z ra , ' , j .  
j=l j=l 

PROPOSITION 4.3.1 ([Mo], Thin 1.1): Tp ~ has a basis 

B(A) = {~M} 

parameterized by all patterns M associated with A such that for 1 < k < p, 

(9) Fkk~M = (Irk(M)l + [ r k - l ( M ) [ -  2[r~(M)[)~M, 
k 

(10) Fk,-k~M = Z Aki(M)~M-~'k,' 
i--'--I 
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(11) 

(12) 

k 
F-k,k~M = E Bki(M)~M+5'k,' 

i=l 
k--1 

rk-l'--k~M = E Cki(M)~M+~_L~ 
i = 1  

k k - 1  

W E  E Dkijm(M)~M-5~i-5~-ld-5~-l,m ' 
i = l  j,m=l 

where A k i ( M ) ,  B k i ( M ) ,  Ck i (M)  and Dki jm(M)  are nonzero  numbers defined 

in Eqs. (13)-(16) below. The arrays M 4- 5ij and M + 5~j are obtained from M 

by replacing mi j  and m~j by mij  4- 1 and m~j ± 1, respectively. Moreover, i f  an 

array N is not  a pattern,  then we assume that  (N = O. 

Define lij = - m i j  - i -  1 + j  and l~j = -m~j  - i -  1 + j .  If r = ( r l , . . . ,  rk) e Z k 

and t e Z, then we define H(r, t) :-- ( -  1)k 1-I~=1 (rj + k + 1 - j + t) and Hi (r, t) := 
(_l)k k I-[j=l,j~i(rj q- k -'k 1 - j + t). Then 

(13) d k i ( M )  :--- (IIi(r~(M), I~i))- ' ,  

(14) B k i ( M )  := 4dk i (M) l ' k iH(rk (M) ,  l ' k i )H(rk- l (M) ,  l~i), 

(15) Cki (M)  -1 :=2( - -1)k lk_ l i I I i ( rk_ l (M) , l ' k ,  _ 1 i)IIi(rk_l(M),, - l'k_l,i), 

Dki jm(M)  := 

- d k i ( M ) d k - x , m ( M ) C k j  (M)Hi(r~(M), lk_l , j ) I I i (r 'k(M ), - - Ik -Lj  -- 1) 

(16) x H m ( r ' k _ l ( M ) , l k _ l d ) I I m ( r ' k _ l ( M ) , - I k - l , j  -- 1). 

4.4. It is well known that 

P P 

a----1 a----1 

a 

where Sa = (0 , . . . ,  0, 1, 0 , . . . ,  0). Here Tp ~+~° = 0 if A+Sa is not a highest weight. 

F o r l < a < p ,  set A ' = , ~ + e a O r , V = ~ - e a a n d l e t  

(17) p~, : C 2p ® Tp ~ --~ Vp 

denote the canonical sp(p) projection. 

4.5. Let {ei: i -= - p , - p  + 1 , . . . , - 1 ,  1 , . . . , p}  be the standard basis for C 2p. 

We shall identify C 2q = span{ei: i = - p , . . . , - p +  q - 1 , p - q  + 1 , . . . , p } .  Thus 

C 2q is the subspace of sp(p - q)-invariants in C 2p. 
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Let A • A+(p) and /~ • A+(p - q). Let vu denote a highest weight vector 

of " T ~ Vp_q. Suppose that rp_q occurs in Vp ~. Recall (8) that  ( p )v. denotes the 

subspace of all ~O(P - q) highest weight vectors with highest weight p. Note that 
this is a module for nO(q). A basis of x (Vp)~, is given by 

B(A, Ms) := {4M • B(A): dp_q(M) = M,} .  

"r "x ® v;.  Clearly C 2q ® ( p )vu C C 2p 

LEMMA 4.5.1: Suppose that A E A+(p), # E A+(p - q) and A' = A ± va where 

1 < a < p. IrA' • A+(p) ,  and ~_~ occurs i .  both ~ ~.d ~ ' ,  then the restriction 
of the projection map pA, to the subspace C 2q ® (r~)v, is nonzero and its image 
lies in x 

4.6. PROOF OF LEMMA 4.5.1. The last assertion about the image is clear. We 
shall prove that  the restriction map is nonzero. 

Recall that  sp (p + 1) is spanned by { F~j: i, j = - p -  1, - p , . . . ,  - 1, 1 , . . . ,  p + 1 }. 

Let sp(p) be embedded in sp(p+l)  as described in §4.1. Let W denote the span of 

{F~,_p_~: i = - p , . . . ,  -1 ,  1 , . . .  ,p}. Then W is a sp(p) module under the adjoint 
action, and W ~- C ~p. Under this isomorphism, ep E C 2p (see §4.5) is identified 

with Fp.-p-a. 

We will first deal with the case A' = A + ~a- Let A = (A1 . . . .  , Ap+l) where 

A1 = A1 + 1 and A~+l = 2i if i _> 1. Consider the representation Vp~+l o fsp(p+ 1). 

We identify ~p~ with the subspace 

s p a n { ~  e B(A): rp+l (M ) = i ,  rp(M) = A} 

of %+1- Let L: ® rp --+ %+1 be the ~p(p) map given by Lie algebra action 

L(X ® v) = X.~ (X e W, v e ¢~). 

Let p~: ~'~+1 --~ vp be the ~p(p) projection given by 

{ otherwiseif 
By (12), (p~ o L)(Fp_p_l Q ~ )  = Cka(M)~dp(~)+~p ~. By Lemma 4.6.1 below, 

we can find a ~ E B(2, Ms) such that ¢~+5,, • 0. Hence p~oL ~ 0 and we can 

identify p~, with p~ o L. Under this identification, Fp_p_l ® ~ corresponds to 

an element in C ~a ® (V~)vp and this proves Lemma 4.5.1 for the case 2' = A + ¢~. 
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We shall adopt the following convention. If ~/= (7/1,.-., ~/r) C A+(r), then we 

set 
oc i_<O, 

Yi = O, i > r + l.  

LEMMA 4.6.1: Define a pat tern  M associated with A as follows: 

(i) dp_q(M) = Mu,  rp+l(~r) = r ; + l ( M  ) : ~ and  rp(/~f) : ~. 

(ii) mij  = min(Aj, #2(p-q-O+j) for p - q + 1 <_ i <_ p - 1, 1 <_ j <_ i. 

(iii) ~ = min(Aj, P2(p-q-O+j+l) for p - q + 1 < i < p, 1 <_ j <_ i. 

Then M and M + (~pa are patterns associated wi th  A. 

Proo~ It is easy to see that  M is a pattern. To show that M + Spa is a pattern, 
! it suffices to show that mp, a _ '  1 -> Aa + 1. Indeed, m p , a _  1 = min(Aa-1, #a-2q). 

Since A + Ca E A+(p), Aa-1 >_ Aa + 1. On tile other hand, since 7~_q" occurs in 

rp;~+z~ = min(Aa_l, ~ta--2q ) > A a "t- 1. | , #a-2q _> Aa + 1. Thus ' m p , a -  1 

Next we consider the case A' = A - Ca. We only need to modify the proof 

for A + sa slightly as follows. First we replace A by A = (A1,A2,...,Ap,0). We 

identify r~ with the subspace 

s p a n { ~  e B(A): r ; + l ( / ~  ) ---- ~, r p ( ~  f) ---- /~} 

, .  ~ ;~' 
of rp+ 1. Define Pa. %+1 -+ ~'p by 

P2(~M) = { 0~a'(M) ifotherwise.rP+l(/~) = ~ - Ea, rp(M) = A - ea, 

The proof proceeds as before and eventually it reduces to Lemma 4.6.2 below 

(cf. Lemma 4.6.1) and completes the proof of Lemma 4.5.1. 

LEMMA 4.6.2: Define a pattern M as follows: 

(i) dp_q(M) = M , ,  rv+l (M ) = rp+,(~r) = A and rp(M) = A. 

(ii) mij  = max(A2p-2i+j,  # j )  and m~j = max(A2p-2i+j+l,  # j )  for p - q + 1 < 

i < p - l , l < _ j < _ i .  
! 

(iii) mp,j' = min(Aj, mp-l , j-1) for j ¢ a -  1 and mp,a_ 1 = max(Aa, mp- l ,a -1 ) .  

Then there exists  k E {a - 1, a} such that  M - 5p+1, ~ - Spa - 5p-l,k is a pat tern  

associated with A. 

Proof: We need to consider two cases: 

CASE 1: If  m p _ l , a _  1 < rap,a ,  then ' = Aa and ' mp,a_ 1 mp~  ---- m p - l , a - l ~  SO that 
! , 

M - (~p-t-l,a - (~pa -- (~p--l ,a-1 is a pattern assoc ia ted  wi th  A. 
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! ! 
CASE 2: If mp- l ,a -1  > _ rap,a, then mp,a_ 1 = mp- l ,a -1  and  mp, a = Aa. Since 

A xa is dominant, mp,a 1 Aa 1 >_ Aa+l >_ ! . . . .  my,a+1 = min(Aa+l, mp-l ,a) .  

Thus M - 6p+~, a - Spa - 5p-t,a is a pattern associated with A. This completes 

the proofs of both Lemmas 4.6.2 and 4.5.1. | 

COROLLARY 4.6.3: By scaling the projection P~+E~ if necessary, we have the 

following formula: 

(18) p~+¢~ (ep @ ~M ) =(M+~po, 
p 

(19) p~-c~(ep @ ~M) = Z Dam(M)~M-hv"-6;m'  
m=l 

where ~M E Tp ~ and Dam(M) are n o n z e r o  scalars. 

Proof: We have identified pA+~ with P~a o L and ep with Fp.-p-1 in the proof 

of Lemma 4.5.1. By (12), p~ o L(Fp,_p_l ® (M) = Cp+l,a(fl)(M+6p~. By (15), 

the coefficient Cp+l,a(2t:/) only depends on h + ea and it disappears if we replace 

pA+~ by Cp+l,a(f/I)-lpA+~. This proves (18). The proof for (19) is similar. 
| 

5. A basis  o f  Ip(s) 

5.1. In this section, we shall use the results of Molev ([Mo]) to construct bases 

for Ip(s), Ip,q(S, #) and their subquotients. Recall that  Ip(s) has/~%types (/~" = 

Sp(p) × Sp(p)) 

(20) Ip(s)= Z Vx, 
XEA+(p) 

where for each A E A+(p), Vx ~ rp x [] Tp ~. By Proposition 4.3.1, Vx has a basis 

B(V~) = {~ i  [] ~i ':  M and M' are patterns associated with ,k}. 

Thus [J;~eh+(p) B(V~) is a basis of Ip(s). 

5.2. Recall the definition of ~ = ~ • p and T:~,~, in §2.4. As a representation 

of/~" = Sp(p) x Sp(p), Pc -~ C 2 p [ ] C  2p. We define F0 E Pc to be the vector 

corresponding to the vector ep [] ep E C 2p [] C 2p. Lemma 5.2.1 below describes 

the Lie algebra action of Fo on a basis vector ~M [] ~M' in (as, [p(s)). We will 

need this lemma in §7. 
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LEMMA 5.2.1: We have 

P 3 

i = 1  

P 

+ Z: 
j,m,'m"---- 1 

M I , x Dim,( )((M-~-~m [] (M'-~-e;m,) 

where t:~,x, is a nonzero complex number depending on A, A' and s. Dam(M) is 
a nonzero number as given in (19). 

Proo~ Using Corollary 4.6.3 and §2.4, T~,~, can be interpreted as the composite 

of the following maps: 

(21) pc®V~(C2P®rp~)[~(C2p®Tp~)Px'~P~zv~, rp []~-p __ V~, 

where ¢ is multiplication by Ai + s + p -  a + 3 if A' = A + Ca and multiplication by 
1 if  A' Ai - s + p - a + ~ = A - ca. The maps t~ and tx, are isomorphisms uniquely 

determined up to nonzero scalars, p~, was determined in Corollary 4.6.3. tx,~, is 

a result of t~ and t~, and the choice of the canonical bases of V~ and V~,. | 

By identifying Ip(s) as fimctions on/~" (see [J]), one can show that the above 

lemma holds for all s, that  is, t~,~, is independent of s. It would be interesting 

to determine t~,~, explicitly. 

5.3. A BASIS OF Rv,. Assume that Ip(s) is reducible, and R is an irreducible 

subquotient of Iv(s ). By Theorem 2.4.1, R = Rt(s) for some t. Let p E A + ( p - q )  

and let v~ be a highest weight vector in rp~_ a. Recall §3.2 that Rg denotes the 

rp~_q-isotypic component of R, and R~, denotes the space of Sp(p - q) highest 

weight vectors in R~. 

Since R has/~'-types 

where 

:~n+(n) 

(22) A+(R) := {A E A+(p): At >_ I s l - p + t -  1/2 >_ At+l}, 

it has a basis given by 

(23) B(R)= U 
),EA+(R) 
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Under the action of K = U(p) x U(q), 

,kEA+ (R,,~,) 

where A + (Rv,) = A + (p, p)NA + (R). Now recall that M r is the pattern associated 

with # such that ~M, is a highest weight vector in v~_q. Thus the set 

(24) B(R. . )  = {¢u Z ; M ,  • B(R): dp_q(M') = Mr}  

is a basis for R ~ .  More generally, let L r be any pattern associated with p and 

consider the space 

(25) R(Lr )  = span{~M [] ~M' • ~(R): dp_q(M') = Lu}. 

Then clearly R(Lr)  ~- Rv~ as infinitesimal Sp(p, q)-modules. 

5.4. PROOF OF THEOREM 3.3.1. By (24), Rv, = (Rt(s))v,  is nonzero if and 

only if I1 _< t _< 12 where 11 and 12 are given in Theorem 3.3.1. 

Let R and S be irreducible subquotients of Ip(s) such that Rv, and Sv~ are 

nonzero. Suppose S --+ R in the module diagram. We claim that Sv, -+ Rv, .  

Indeed S --+ R implies that there exists/~'-types V~ and V~, of S and R respec- 

tively such that A' = A ± Ca for some a and T~,~, ¢ 0 (see §2.4). Next we regard 

(V~)~. and (V~,).. as K-types of Ip,q(S, It). Applying Lemma 4.5.1 to (21) shows 

that the image of p Q (V~)v. under Tx,~, is nonzero and it lies in (V~,) . .  This 

proves the claim and the theorem. | 

5.5. In the remaining part of this section, we shall establish several lemmas 

which are needed in the proof of Theorem 1.2.1. If I < r < p -  1 and ~1 E A+(r), 

then R~ shall denote the 7~-isotypic component of R under the action of Sp(r) C 

Sp(q). 

LEMMA 5.5.1: Let 1 < r < p - 1, *l E A+(r), and Ln a pattern associated with 

71. I f  R n ~ O, then 

Rn ~ R ( L , )  [] T~ 

as infinitesimal Sp(p, p - r) × Sp(r)-modules. In particular, R o is irreducible as 

an infinitesimal Sp(p, p - r) × Sp(r )-module if and only if R( Lo) is irreducible as 

an infinitesimal Sp(p, p - r )-module. 

Proo£" We shall construct an isomorphism 4: R ,  --+ R(Ln) [] r~ as follows. 

Let ~M [] (M' be an element of B(Rn), and let M "  be the pattern obtained by 
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replacing the lowest 2r rows of M ~ by Ln. Then  define 

~9(¢M [] CM') : (¢M [] CM") [] Cd~(M')" B 

5.6. THE ACTION OF Sp(p, q--r). Let Rv, as above and let A be an infinitesimal 

Sp(p, q)-submodule  of Rye. For p - q + 1 < r < p and ~ • A+(r ) ,  we define 

An = A fl Rn. 

LEMMA 5.6.1: For each a • A+(r) ,  An is an infinitesimal Sp(p ,p  - r) × Sp(q - 

p + r) module. Moreover 

(26) A =  ( ~  An. 
nEA+(r)  

Proof." Let  X denote the infinitesimal character  of center of the universal  a lgebra  

of sp(p, p - r ) c  act ing on Ip,p-r(s, a). Let Px denote the project ion from R onto 

its X isotypic component .  By Proposi t ion  2.5.1, Px on R is the same as the 

project ion onto the ~-ra-isotypic component  Ra of R. This  proves (26). Since Px 

commutes  with the act ion of sp (p ,p  - r) • sp(q - p + r) ,  An is an infinitesimal 

Sp(p ,p  - r)  x Sp(q - p + r ) -module ,  l 

5.7. EIGENSPACES FOR Fii. For p - q + 1 < i < p, let 

(27) si = span{F/i ,  Fi,-i, F-i,i} C_ sp(q)c C sO(p, q)c. 

Then  si ~ s[(2, C) and each element of the basis 13(R) for R is an eigenvector for 

Fii. Indeed by (9), 

~(F , ) (CM [] ¢~ , )  ----- (Ir~(M')l  + I r ~ - ~ ( M ' ) l -  21r~(M') l ) (¢~ [] CM')- 

m C PROPOSITION 5.7.1: Suppose that a = )-~k=l k(Mk [] ~M' k is an element of A. 

I f  l < i < m, and 

M'  _ _ Ci {k: l < k < m, rj(M~) r j ( i ) ,  ' ' = = [rj(M~)[ = [r~(M')[ V p - q + l  < j < p}, 

then the "subsum" 

(28) E Ck~Mk [] ~M~ 
kECi 

also belongs to A. 

Proof'. For p - q + 1 _< j <_ p, set c~J := rj(M~) • h + ( j ) .  By (26) we can define 

the project ion 7rn~: A --+ Ant.  Then  

(29) 7rnp-q+~Trn,-q+2... 7my (a) = E CkCMk [] CM'~ e A 
kEBi 
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where 

Bi = {k: 1 < k < m, rj(M~) = rj(M~),  V p -  q +  1 _< j _< p}. 

Then (28) is the image of the projection of the vector in (29) into the simultaneous 

eigenspaces of {Fjj: j = p - q + 1 , . . .  ,p}. | 

6. P r o o f  o f  T h e o r e m  1.2.1 

6.1. We shall prove Theorem 1.2.1 by an induction on q. The case q = 1 follows 

from the results of [BK] but we will sketch an alternative proof. These will be 

discussed in §7. In this section, we shall assume that  the theorem is true for 

q - 1 _> 1 and will prove that  it is also true for q. 

For the ease of explaining we will assume the more interesting case where 

s +  ½ E Z. By Theorem 2.4.1, Ip(s) is reducible unless s = 4-½. When s +  ½ ~ Z, 

Theorem 2.4.1 states that  Ip(s) is irreducible and the proof of Theorem 1.2.1 for 

this case is similar but easier. We will leave it to the reader. 

1 6.2. NOTATION. Throughout this section, s +  7 E Z and R = Rt(s) will denote 

an irreducible subquotient of Ip(s) (cf. (4)). Let # e A + ( p - q )  and let M ,  denote 

the pat tern  which corresponds to the highest weight vector in T¢_q. We assume 

that  the subquotient R ~ = R~, of Ip,q(S, p,) is nonzero. 

6.3. First we state a crucial lemma. 

MAIN LEMMA: Let R and Rv. as above. Then there exist 

(i) 0 e A + ( p - q + l ) ,  

(ii) A C A+(p), 
(iii) a pattern M ° m ° o = ( ii, mij ) associated with A which satisfies rp_q+l(M °) = 

O, dp-q(M O) = Mp, mp_q+l,jO ' -- max(pj ,  0j+l), 

(iv) wo := vx [] (MO E Rv, where vx is a highest weight vector in "rp x, such that 

every nonzero infinitesimal Sp(p, q)-submodule of Rv, contains the vector 

W0. 

Consequently, wo generates a unique irreducible infinitesimaI Sp(p,q)- 

submodule U in R ,  . Moreover, if  s is replaced by - s ,  then the conclusion 

of t h e / e m m a  remains true with the same choice of (0,)~, M°).  

We will now assume the Main Lemma and proceed to prove Theorem 1.2.1. 

The proof of the Main LemIna will occupy §6.4 to §6.7. 
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LEMMA 6.3.1: Let Lo = dp-q+l(M°). Then U contains (see (25)) 

R(Lo) = span{ffM [] ~M' • 13(Rv,,): dp-q+l(M') = Lo}. 

Proof: Note that the vector Wo in the Main Lemma lies in R(Lo). Let vo be a 

highest weight vector in o r~_q+ 1. Then R(Lo) ~- R,, o as infinitesimal Sp(p, q - 1)- 

modules. Thus by induction hypothesis, R(Lo) is irreducible and hence it is 

contained in U. | 

Proof of  Theorem 1.2.1.: Note that sp(p, q)c contains s p ( p , q -  1)c x s where 

.s = Sp-q+l ~ sl(2, C) was defined in (27) by setting i = p - q + 1. First we claim 

that R(Lo) can be characterized as the subspace in (Rv,)o such that s acts by 

the highest weight 

ro := ~ Oj + Z p j  - 2lrp_q÷l(Mo)l. 
J J 

I n d e e d  mOp_q+l,i takes the smallest possible value for all j so that Me - 5p_q+l,j 
is no longer a pattern. 

Next we consider the dual representation R* = (Rt(s))* = R t ( - s ) .  In this 

way (Rv,)* -~ (Rt( -S))v , .  By the Main Lemma, the pattern Le for (Rt( -S))v ,  
is the same as that for (Rt(s))v,.  Hence by Lemma 6.3.1, (Rt(-s))~. contains a 

unique irreducible submodule U I and U' contains the subspace in ( R * ) e  where 

s acts by the highest weight ro (resp. lowest weight - ro ) .  This implies that Rv, 
contains a unique quotient and R(Le) generates Rye. This shows that Rv, = U 

is irreducible. II 

6.4. The remaining section is devoted to the proof of the Main Lemma. Let 

Rv, be as in §6.2 and let A be a nonzero infinitesimal Sp(p, q)-submodule of R v .  

We will briefly describe the main idea of the proof. First we pick an arbitrary 

vector 

m 

(30) wo = Z ctvx [] (M, • (V~,)v,, C A 
/=1 

where ct E C, vx is a highest weight vector of Vp ~, and d p - q ( i l )  = MtL. We will 

show that by the actions of the Lie algebra on wo, we can replace we successively 

such that we impose more and more conditions on the patterns Mi. Eventually 

only one pattern, namely M ° in the Main Lemma, satisfies all the conditions. 
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6.1. By L e m m a  5.6.1, 

A =  E Ao. 
OEA+(p-q+l) 

Pick 0 such t ha t  Ao # O. Let No be a pa t t e rn  associated with  0 such tha t  

dp_q(No) = M, .  Then  by L e m m a  5.5.1, Ro ~- R(No)[]r°p_q+l. By the induct ion 

hypothesis ,  R(No) is an irreducible infinitesimal Sp(p, q -  1)-module,  so tha t  Ro 
is an irreducible infinitesimal Sp(p, q - 1) x Sp(p - q + 1)-module.  Let  a denote  

the complexified Lie algebra of Sp(p - q + 1). Then  we have 

(31) bt(a)Ao = Ro. 

Define )~ = A(0) by 

(32) 

where 

0 t + l  
~i : 0i--2q+2 

min(gt,  0i-2q+2) 

if i _< min(t ,  2q - 2) 
if s _> 2 q -  1 and 2 q -  1 < i < t 
i f / > t  

e ,  = 181 - p + t - 1 / 2 .  

Ro contains (V),)o and this in turn  contains a vector  of the form 

(33) w = vx [] ~M 

where vx is a highest weight vector  in rp ~ and M = (mij, m~j) is a pa t t e rn  wi th  

the following properties:  

(A1) M is a associated with A, tha t  is, r p ( M )  = A, 

(A2) r p - q + l ( M )  = O, 

(A3) dp_q(M) = M, ,  
(A4) the entries between rp(M) and rp-q+l(M) are given the largest  possible 

values. Specifically, for p - q + 2 _< i _< p - q and 1 < j _< i, we set 

mij = min(Aj,O2p-2q-2i+j+2), m~ij = min(Aj,O2p-2q-2i+j+l). 

LEMMA 6.5.1: Let R and A be as in §6.4. If  O E A+(p - q -[- 1) is such that 
Ao # 0, then Ao contains a vector wo of the form 

wo =- E clv~ [] ~Mt 
l 

where A = A(0) E A+(p) is defined in (32) and all Mt are pa t t e rns  satisfying the 

conditions (A1)- (A4) .  
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Proof: Recall tha t  14(a)Ao = Re and it contains w in (33). Hence there exist 

Xi E lt(a) and ui C Ao of the form given in Proposi t ion 5.7.1 such tha t  

Xiui = w = v~ [] ~M. 
i 

We also recall (24) tha t  B(Rv,)  is a basis for Rv, and Ao C_ A C_ Rv, .  Thus each 

ui is a linear combinat ion of basis vectors from B(Rv,) .  Since the action of Xi 

on the basis vectors of rp ~ only affects the lowest 2p - 2q + 1 rows of the patterns,  

at least one of the ui, say ul ,  is of the form 

m 

(34)  / t l  - -  ~ ClV)~ [] ~Mt 
/=1 

where for each l, ct E C, Mt is a pa t te rn  associated with • such tha t  

r j (Mt)  = r j ( M ) ,  Ir}(Mz)l = Ir~(M)l 

for p - q + 2 5 j < p. Since M satisfies (A4), the entries mij and m~j between 

rp(M) and rp-q+l(M) are given the largest possible values. I t  follows tha t  if 

Mt = (Pij,P~j), then 

Pij = mij  and Plij <_ m'ij 

for p -  q + 2 < i < p and 1 _< j _< i. On the other hand, for each p - q + 2 _< i _< p, 

we have 
i i 

[ri(M,)l = ~-~P'ij = ~ m~j = Ir~(M)l. 
j = l  j----1 

Hence p{j = m{j for all p - q + 2 < i < p and 1 < j _< i. This proves the lemma. 
| 

LEMMA 6.5.2:  Let R and A be as in §6.4. Let k be an integer satisfying 

1 < k < p - q + 1. Suppose that the following conditions hold: 

(i) Ao # O. 

(ii) I l k  >_ 2, then min(Ok_> pk-2)  > Ok. 

(iii) I f  k = t + 1 >_ 1 then Ot+l < It. 

Then Ao+~k ~ O. 

Proof: Let 

WO : Y ~  ClV)~ [] ~Mt 
l 

be the vector in Ao as described in Lemma 6.5.1. We consider two cases. 
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CASE 1: Suppose for some l, Ml = (aij,a~j) is such that  

! 

ap_q+l,k_l > Ok. 

Note that  this is trivially satisfied if k = 1. Then Ml + 5p-q+l,k is a pat tern 

associated with ~ and rp_q+l (Mr + (fp-q+t,k) = 0 +Sk. Let F = Fp-q+l,-(p-q+2). 
Since F C ~p(p,q)c, F(wo) E A. By Proposition 4.3.1, F(wo) has a nonzero 

component 

ClV.X [] (MITSp-q+l,k" 

Thus u0+sk (F(we)) # 0 and Ao+~k # O. 

CASE 2: Suppose for each l, the pat tern Mt = (aij, a~j) is such that  

' = Ok. ap-q+l,k-1 

Let Y = F-(p-q+l),p-q+l. Then by Proposition 4.3.1, Y(~M~) contains a nonzero 
! 

component in ~Mz+5' . Now for the pat tern M~ + (~p-q+l,k-1, note that  p--q+l,k--1 

ap_q+ l,k_ 1 -4- 1 > Ok. 

Thus we replace the vector wo by Y(wo) and proceed as in Case 1. 

We need condition (iii) because Re # 0 imply that  Ot+l <_ It. | 

6.6. Recall Eq. (26) that  

We define 

A = E Ao. 
OEA+(p-q+l) 

(0~ nin)A = man{01: Ao # 0}. 

Now a theorem of Harish-Chandra states that  an admissible Harish-Chandra 

module with a unique infinitesimal character is of finite length (for example, see 

Cor. 5.4.16 [Vo]). Thus Rv, has only finitely many distinct submodules, and so 

we can define 

(35) 

O1 = max{(0~ nin )A: A is an infinitesimal Sp(p, q)-submodule of Rv, or (Rv,)*}. 

LEMMA 6.6.1: Let R and A be as in §6.4 and let O E A+(p - q + 1) be defined 
by 

(1) 01 = 02 = O1; 

(2) O j = p j _ 2 f o r a l l 3 < j < p - q + l , j ~ t + l , t + 2 ; a n d  
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(3) Oj = min(#j_2 ,  gt) for j = t + 1, t + 2. 

Then 

(i) Ao contains a vector of  the form 50 = v:~ [] Vo where 

b 

(36) Vo = Z Ci~M,, 
i : a  

a < b < c are nonnegative integers, A = A(0) and Mi is a pattern satisfying 

the conditions (.41) to (A4), and 

rp_q+ l ( Mi) -- (O1, ~ 1 , - "  ", I-it--2, i, nl in(~/ t ,  et ) , ~tt.t-l, . . . , l ip_q,  c -- i ). 

(ii) Fur thermore ,  we m a y  assume tha t  Fp_q+l ,_ (p_q+l )V  0 : O. 

Proof." Take any 0 such tha t  01 = (0~ in )A and Ao # 0 and apply  L e m m a  6.5.2 

repea ted ly  to get (36). I t  reduces to 3 possible cases, namely, (1) tit _< p t - i  _< tet, 

(2) #t _< ft  _< # t -1  and (3) ft <_ #t <_ #t-1. In the first case a = b = # t - i ,  and 

5 ~-- CaV A [] ~Ma and rp_q+l(Ma) ----- ( O l , ~ l , - .  " , P t - 2 ,  P t - l , P t , . . . , ~ p _ q , C -  a) .  

In  Cases (2) and (3), 50 is a sum. We will leave the details to the reader.  

Next  we prove the last assertion. Let Y = Fp_qT1 ,_ (p_q+l )  and suppose Yvo # 

0. Then  we may  replace 50 by  vi [] Yvo E A and (i) still holds. In this case 

c is decreased by 1. Since c is nonnegative,  the process must  s top after finite 

i terat ions and Yvo = O. | 

6.7. PROOF OF THE MAIN LEMMA. Set r = p -  q + 1. Let v0 be as in (36). 

By  (10), 

b 

(37)  0 = V r , - r V o  = Z c iAr t (Mi )~M~_5~t  + c i A r r ( M i ) ~ M ~ _ 5 ~ .  
i : a  

We consider 2 cases. 

CASE 1: Suppose a = c. We set M ° = Ma, Wo = 5o = v~ [] ~Ma in L e m m a  

6.6.1 and we are done. In  this case a = b = max(# t ,  0s+l) by (37) and 

r'r (Ma) -- (01,  # 1 , . . . ,  P t -2 ,  min (p t -1 ,  et), min(#t ,  e t ) , . . . ,  Pv-q,  0). 

CASE 2: Suppose a < c and we will reduce this to Case 1. By compar ing  the 

coefficients of the canonical  bases in (37), we conclude tha t  a = max(# t ,  0t+l) ,  

ca # 0, Me - 5"r is a pa t t e rn  and the coefficient of ~Mo-~% is 

(38) caA,.r(Ma) + ca+lArt(M~+l) = O. 

Let F = F r , - r - 1  and we need the following lemma.  
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LEMMA 6.7.1: Write F(vo) as a linear combination of the canonical basis vectors 
of Sp(p). Then the coe~cient o[ ¢M _~ _~,r-&_l.~_ 1 is nonzero. 

Proof? By applying (12), we expand Fvo in terms of the canonical bases. One 

can check that  the coefficient of the basis vector C U - ~ - ~ ' ~ - ~ r - l , . - ~  is 

(39) caDr,r,r,r-l(ia) + Ca+lD,v',r,s(Ma+l). 

We claim that  (39) is nonzero. Indeed by (38) it suffices to check that  

D := det { Arr(Ma) A~t(Ma+l) ) (40) \ Dr,r,r,p-q(Ma) D~,,t(M,~+t) ¢ O. 

We substitute (13) to (16) into the entries of the above determinant. The main 

observation is that  the entries are products of numbers depending on the rows of 

M~ and M~+I. Moreover, the rows of the Ma and M,+I  are the same except at the 

# - th  row. Therefore, the entries in D have many common factors. Calculation 

shows that  D is a nonzero multiple of the number 

(41) (lr - l't)(l~ + It' + 1) - (I,. - l'r)(Ir + I' r + 1) = -I~t(l't + 1) + l r (I  ' + 1) 

where li = -m~,i  - i and l~ = -m~. d - i. The right hand side of (41) a nonzero 

negative integer because 0 > l' r > l~. This completes the proof of Lemma 6.7.1. 
| 

We continue with the proof of the Main Lemma. Let wl E A denote the image 

of the projection of F((vo) into the rr°-S'-isotypic component. By Lemma 6.7.1, 

wl ¢ 0. Then by (12), Fwl has a nontrivial r,°-isotypic component. Now by (11), 

the vector F-r-l,~+l (FWl) has a subsum of the same form as iv0 in Lemma 6.6.1 

except that  c is replaced by c - 1. Thus by applying this procedure repeatedly, 

we reduce to Case 1. 

The assertion about  the irreducible submodule U is clear. Finally, we note 

that  the definitions of 0 and M ° depend only on the K- types  of Rv, = (Rt(s))v,. 
Since the dual representation (R~,)* ~- (Rt(-S))v, has the same K-types,  the 

lemma holds with same choice of (0, A, M°). | 

7. P r o o f  o f  T h e o r e m  1 . 2 . 1  for  q--1 

7.1. It  remains to prove Theorem 1.2.1 for q=l .  We will give two proofs of this 

fact: 



378 S.T. LEE AND H. Y. LOKE Isr. J. Math. 

7.2. FIRST PROOF. One can deduce the number of irreducible subquotients of 

Ip,l(S, #) from [BK] (also see [HK]). A case by case verification shows that  the 

number agrees with the number of subquotients given by Theorem 1.2.1. 

7.3. SECOND PROOF. We will prove the Theorem by 'induction from q = 0'. 

The proof was not included in §6 because certain special considerations will com- 

plicate the (already complicated) treatment there. However, the idea is similar 

so we will only give a sketch of the proof. 

First we set q -- 1 and A(0) -- 0 throughout §6. In the Main Lemma, part (i) is 

the same as (ii). In Lemma 6.3.1, R(Lo) is just an irreducible K-type of Sp(n, 1) 

and (Rv~)o = (V~(o))v,. The proof in §6.3 works formally for q = 1. 

It remains to prove the Main Lemma. Conditions (A1) and (A2) in §6.5 are the 

same. The proof proceeds exactly as that in §6.5 to §6.7 except in the proofs of 

Lemmas 6.5.2 and 6.7.1 we replace the operator F by the operator F0 E sp(n, 1) 

in Lemma 5.2.1. This gives the Main Lemma and completes the proof for q = 1. 
| 
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